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ABSTRACT
P a t h - i n t e g r a l  m eth o ds  a r e  u s e d  t o  d e r i v e  a n  e x a c t  
e x p r e s s i o n  f o r  t h e  t i m e - e v o l u t i o n  p r o p a g a t o r  f o r  a  b r o a d  
c l a s s  o f  s y s t e m s  w i t h  q u a d r a t i c  H a m i l t o n i a n s .  F o r  a  c e r ­
t a i n  s u b - c l a s s  o f  s u c h  s y s t e m s ,  t h e  r e s u l t  i s  r e d u c e d  t o  
a  s i m p l i f i e d  c l o s e d  fo rm .  The p r o p a g a t o r s  a r e  e x h i b i t e d  
f o r  s e v e r a l  i l l u s t r a t i v e  e l e m e n t a r y  c a s e s  and  f o r  t h e  Lee 
Model f o r  a  s i n g l e  h e a v y  p a r t i c l e ,  w i t h  two i s o t o p i c  s t a t e s  
o f  e q u a l  m a s s ,  i n t e r a c t i n g  w i t h  a  B o s o n ic  f i e l d .  The 
p r o p a g a t o r  f o r  t h e  l a t t e r  i s  u s e d  t o  c a l c u l a t e  t h e  s u r v i v a l  
p r o b a b i l i t y  o f  t h e  u n s t a b l e  s t a t e  o f  t h e  he av y  p a r t i c l e  w i t h  
no  Bosons p r e s e n t .
iv
CHAPTER 1 
INTRODUCTION
( 1 . 1 )  O r i e n t a t i o n  t o  t h e  P rob lem
The quantum  m e c h a n i c a l  m o t i o n  o f  many p h y s i c a l  s y s t e m s  
o f  i n t e r e s t  may be d e r i v e d  f rom  H a m i l t o n i a n  o p e r a t o r s  w h ic h  
a r e  e x p r e s s i b l e  i n  t h e  S c h r i J d i n g e r  p i c t u r e ,  e i t h e r  e x a c t l y  
o r  a s  a u s e f u l  a p p r o x i m a t i o n ,  by t h e  q u a d r a t i c  fo rm  
N N
H ( q , p , t )  = 3^ f t P j P j ,  +
, . . .  . N „
+ 2Cj j , ( p j q j '  + Qj ,P j ) ]+  - f  1 CdJ ^  +
+ f ( t ) ,  ( 1 )
A
w here  q^ i s  t h e  o p e r a t o r  f o r  m u l t i p l i c a t i o n  by t h e  
c o o r d i n a t e  q^ a s s o c i a t e d  w i t h  t h e  j - t h  d e g r e e  o f  f r e e d o m ,  
p resum ed  t o  be a  r e a l  v a r i a b l e  r a n g i n g  f rom  -® t o  +®, and  
w here
pj ■ - 1*  i t -  <2)J
The c o e f f i c i e n t  m a t r i c e s  a ,  b ,  c ,  d ( t ) ,  e ( t ) ,  and  f ( t )  
o c c u r r i n g  i n  Eq. (1 )  a r e  t a k e n  t o  be  r e a l ;  a ,  b ,  and c a r e  
assum ed t o  be i n d e p e n d e n t  o f  t i m e ,  t ;  a  i s  a ssum ed  t o  be 
n o n - s i n g u l a r ;  a n d ,  a s  a  n o t a t i o n a l  c o n v e n i e n c e ,  b o t h  a  and  b 
a r e  p resum ed  t o  have  b e e n  s y m m e t r i z e d .  I t  I s  t h e  p u r p o s e  o f  
t h i s  p a p e r  t o  p r e s e n t  a  u n i f i e d  e x a c t  e x p l i c i t  d e s c r i p t i o n  
o f  t h e  quantum  b e h a v i o r  o f  t h e  f a i r l y  b r o a d  c l a s s  o f  s y s t e m s
2c h a r a c t e r i z e d  by Eq. (1 )  a nd  t o  a p p ly  them t o  t h e  Lee M od e l ,  
a s  a n  e x a m p le .  H e n c e f o r t h ,  t h e  t e r m  " q u a d r a t i c  s y s t e m s "  
w i l l  be l i m i t e d  t o  s y s t e m s  c h a r a c t e r i z e d  by Eq. ( 1 ) .
A c o m p le t e  d e s c r i p t i o n  o f  t h e  quantum  m e c h a n i c a l  
b e h a v i o r  o f  e v e r y  q u a d r a t i c  s y s t e m  c a n  be a c h i e v e d ,  i n  a 
g e n e r a l  m anner  w h ic h  i s  I n d e p e n d e n t  o f  t h e  s y s t e m ' s  I n i t i a l  
s t a t e ,  by e x h i b i t i n g  e x p l i c i t l y  t h e  s y s t e m ’ s  s p a c e - t i m e  
p r o p a g a t o r ,  K ( q " , t " ; q * , t ' ) ,  wh ich  i s  d e f i n e d  by
< | i (q" , t " )  = j K { q " , t " ; q '  , t ' ) ^ ( q r , t *  )dV’ , ( 3 )
where  i | i ( q , t )  i s  t h e  s y s t e m ' s  c o o r d i n a t e - s p a c e ,  w a v e f u n c t i o n  
and w here  dV1 i s  t h e  e l e m e n t  o f  volume I n  c o o r d i n a t e  s p a c e  
a t  p o i n t  q ' .  P r o p a g a t o r  t h e o r y  i s  r e v i e w e d  i n  S e c t i o n  2 o f  
t h e  p r e s e n t  c h a p t e r ,  w i t h  e m p h a s i s  on m e th o ds  f o r  o b t a i n i n g  
d e t a i l e d  i n f o r m a t i o n  c o n c e r n i n g  s p e c i f i c  a s p e c t s  o f  t h e  
b e h a v i o r  o f  t h e  s y s t e m .  I n  C h a p t e r  2 a  p r o c e d u r e  i s  
d e v e l o p e d  and c a r r i e d  t o  c o n c l u s i o n  f o r  t h e  e v a l u a t i o n  o f  
t h e  p r o p a g a t o r  f o r  q u a d r a t i c  s y s t e m s ,  w i t h  t h e  g e n e r a l  
s o l u t i o n  f o r  t h e  p r o p a g a t o r  e x p r e s s e d  i n  t h e  c o o r d i n a t e  
r e p r e s e n t a t i o n  a s  d e f i n e d  i n  Eq. (3 )*  The p r o p a g a t o r  i s  
g i v e n  a l s o  i n  a s i m p l i f i e d  form  f o r  a  f a i r l y  b r o a d  s u b c l a s s  
o f  q u a d r a t i c  s y s t e m s .  I n  C h a p t e r  3 t h e  s o l u t i o n  f o r  t h e  
p r o p a g a t o r  i s  a p p l i e d  t o  some f a m i l i a r  o n e -  and t h r e e -  
d i m e n s i o n a l  s y s t e m s ,  y i e l d i n g  e x a c t  d e s c r i p t i o n s  o f  t h e i r  
b e h a v i o r .  As a  f u r t h e r  a p p l i c a t i o n ,  C h a p t e r  4 c o n t a i n s  a  
t r e a t m e n t  o f  t h e  Lee Model f o r  a s i n g l e  heavy  p a r t i c l e ,  w i t h  
two i s o t o p i c  s t a t e s  o f  e q u a l  m a s s ,  i n t e r a c t i n g  w i t h  a
3B o s o n ic  f i e l d .  The e x a c t  p r o p a g a t o r  f o r  t h i s  m odel  i s  
o b t a i n e d  and  u s e d  t o  c a l c u l a t e  some q u a n t i t i e s  o f  s p e c i a l  
p h y s i c a l  i n t e r e s t .  C h a p te r  5 su m m ar ize s  t h e  a c c o m p l i s h m e n t s  
o f  t h e  p a p e r ,  w i t h  a  few s u g g e s t i o n s  f o r  f u r t h e r  r e s e a r c h .
The g e n e r a l  e x p r e s s i o n  d e r i v e d  i n  C h a p te r  2 f o r  t h e  
s p a c e - t i m e  p r o p a g a t o r  f o r  q u a d r a t i c  s y s t e m s  i s  p o t e n t i a l l y  
u s e f u l  i n  s e v e r a l  r e s p e c t s :  (1 )  I t  e x p l i c a t e s  some o f  t h e
g e n e r a l  f e a t u r e s  common t o  t h e  d y n a m i c a l  b e h a v i o r  o f  
q u a d r a t i c  s y s t e m s .  Such f e a t u r e s  may be  s u f f i c i e n t  I n  some 
a p p l i c a t i o n s  t o  make some s p e c i f i c  p r e d i c t i o n s  o f  i n t e r e s t ,  
w i t h o u t  t h e  need  f o r  a  c o m p l e t e  quan tum  t r e a t m e n t .  An 
exam ple  o f  s u c h  a  f e a t u r e  i s  p r o v i d e d  by t h e  w e l l - k n o w n  f a c t  
t h a t  f o r  q u a d r a t i c  s y s t e m s  t h e  d e p e n d e n c e  o f  K (q ,f , t "  ; q '  , t ' )  
upon t h e  c o o r d i n a t e s ,  q" and  q ' ,  i s  c o n t a i n e d  w h o l ly  w i t h i n  
t h e  f a c t o r  e x p ( i S c (q"  , t "  ; q ’ , t 1 ) / f f ) , where  Sc (q" , t ’* ; q ’ , t ’ ) i s  
t h e  c l a s s i c a l  a c t i o n  f u n c t i o n .  (2 )  I n  some a p p l i c a t i o n s ,  
t h e  H a m i l t o n i a n  f o r  t h e  s y s t e m  may be a d e q u a t e l y  a p p r o x i m a t e d  
by Eq. ( 1 ) ,  i n  which  c a s e  t h e  s o l u t i o n  f o r  K a s  e x p r e s s e d  i n  
d e t a i l  i n  C h a p t e r  2 may be em ployed  w i t h o u t  f u r t h e r  a p p r o x ­
i m a t i o n s  t o  o b t a i n  p r e d i c t i o n s  o f  i n t e r e s t  I n  f o r m a t s  w h ich  
a r e  e x p l i c i t  and  p r a c t i c a l  f o r  n u m e r i c a l  c o m p u t a t i o n .  I f  
su c h  an  a p p r o x i m a t i o n  I s  n o t  i n  i t s e l f  e n t i r e l y  a d e q u a t e ,  i t  
s t i l l  may s e r v e  a s  a  " z e r o - t h "  o r d e r  a p p r o x i m a t i o n  i n  a  ' 
s y s t e m a t i c  p e r t u r b a t i o n  c a l c u l a t i o n  i n  which  r e s u l t s  a r e  
o b t a i n e d  i n  s u c c e s s i v e l y  h i g h e r  o r d e r s  i n  t h e  d i f f e r e n c e
2b e tw ee n  t h e  e x a c t  H a m i l t o n i a n  and i t s  q u a d r a t i c  a p p r o x i m a t i o n .  
To s e l e c t  a  s u i t a b l e  q u a d r a t i c  a p p r o x i m a t e  H a m i l t o n i a n  o f  t h e
it
form o f  Eq. ( 1 ) ,  FeynmanTs p a t h - i n t e g r a l  v a r i a t i o n a l  m ethod  
may be  h e l p f u l .  (3 )  A p r o s p e c t i v e l y  p o w e r f u l  u s e  o f  t h e  
r e s u l t  f o r  K a r i s e s  i n  c o n n e c t i o n  w i t h  t h e  p r o b l e m  o f  
o b t a i n i n g  t h e  p r o p a g a t o r  f o r  a s y s t e m  w i t h  many d e g r e e s  o f  
f r ee d o m  su c h  t h a t  t h e  H a m i l t o n i a n  may be  e x p r e s s e d  i n  t h e  
fo rm  o f  Eq. (1 )  w i t h  t h e  q ' s  and  p ' s  r e p r e s e n t i n g  sopie Cbut 
n o t  a l l )  o f  t h e  d e g r e e s  o f  f r e e d o m  and w i t h  t h e  t i m e -  
d e p e n d e n t  f u n c t i o n s ,  d ^ f t ) ,  e ^ t ) ,  and f ( t ), r e p r e s e n t i n g  
f u n c t i o n s  o f  t h e  m o t io n  o f  t h e  r e m a i n i n g  d e g r e e s  o f  f r e e d o m .  
I n  s u c h  a  c a s e  t h e  p r o p a g a t o r  f o r  t h e  e n t i r e  s y s t e m  may be 
e x p r e s s e d  a s  a  p a t h  i n t e g r a l  o v e r  a l l  o f  t h e  d e g r e e s  o f  
f r ee d o m  and  t h e  i n t e g r a t i o n  o v e r  some o f  t h e  d e g r e e s  o f  
f r e e d o m  t h e n  p e r f o r m e d  by a p p l i c a t i o n  o f  t h e  r e s u l t  o b t a i n e d  
f o r  K i n  C h a p t e r  2. The ou tcom e i s  an  e x a c t  p a t h - i n t e g r a l  
e x p r e s s i o n  r e q u i r i n g  p a t h  i n t e g r a t i o n  o f  o n l y  t h e  r e m a i n i n g  
d e g r e e s  o f  f r e e d o m .  E x a c t  r e d u c t i o n  o f  t h e  number o f  
d e g r e e s  o f  f r e e d o m  o f  a  s y s t e m  can  be a s i g n i f i c a n t  s t e p  i n  
t h e  e x a c t  o r  a p p r o x i m a t e  a n a l y s i s  o f  t h e  s y s t e m .  A c c o r d in g  
t o  t h e  t h e o r y  o f  i n t e r a c t i o n s  t h e r e  a r e  many i n s t a n c e s  o f  
w i d e l y  u s e d  m ode ls  o f  p h y s i c a l  s y s t e m s  o f  g r e a t  i n t e r e s t  f o r  
which  a s e t  o f  p a r t i c l e s  ( o r  a  f i e l d )  i n t e r a c t s  d i r e c t l y  
o n ly  w i t h  some B o so n ic  f i e l d  i n  s u c h  a way t h a t  when t h e  
H a m i l t o n i a n  i s  e x p r e s s e d  i n  t e r m s  o f  t h e  B o s o n ic  f i e l d  
o s c i l l a t o r  c o o r d i n a t e s  and m omenta ,  t h e  r e s u l t  i s  o f  t h e  
form f o r  w h ich  t h e  r e d u c t i o n  p r o c e s s  J u s t  d e s c r i b e d  i s  
p o s s i b l e .  Exam ples  o f  s u c h  a p p l i c a t i o n s  o c c u r  i n  Feynm an’ s 
t r e a t m e n t  o f  quan tum  e l e c t r o d y n a m i c s .  A n o th e r  exam ple  i s
5Feynman’ s s o l u t i o n  o f  t h e  p o l a r o n  p r o b l e m  w h ic h  has  b e e n
c a r r i e d  t o  a p p r o x i m a t e  n u m e r i c a l  c o n c l u s i o n  f o r  t h e  p o l a r o n
s e l f - e n e r g y , o b t a i n e d  w i t h  g r e a t e r  a c c u r a c y  t h a n  had  b e e n
1 2o b t a i n e d  p r e v i o u s l y .  *
( 1 . 2 )  Review o f  P r o p a g a t o r  T h e o ry
( 1 . 2 . 1 )  G e n e r a l  p r o p e r t i e s
I n  S e c t i o n  ( 1 . 1 )  t h e  p r o p a g a t o r  i n  t h e  c o o r d i n a t e  
r e p r e s e n t a t i o n ,  K ( q " , t " ; q ’ , t 1) ,  was d e f i n e d  by Eq. ( 3 )  i n  
t e r m s  o f  t h e  w a v e f u n c t i o n ,  i ( i ( q , t ) .  S i n c e  \ | i ( q , t )  must  s a t i s f y  
t h e  S c h r d d i n g e r  e q u a t i o n ,
i f t | ^ <q»t )  = H ( q , p , t ) i | i ( q , t ) , (4 )
s u b s t i t u t i o n  o f  Eq. ( 3 )  i n t o  Eq. (4 )  i m p l i e s
= H ( q " , p \ t " ) K ( q " , t " ; q ' , t ’ ) .  (5 )
C o n t i n u i t y  o f  t h e  w a v e f u n c t i o n  a s  t h e  t im e  i n t e r v a l
T = t »  -  t ’ (6 )
a p p r o a c h e s  z e r o  i n  Eq. (3 )  r e q u i r e s  t h a t
l im  K(q" , t ” ; q ' , t ’ ) = 6 (q "  -  q ’ ) .  (7 )
t"-»-t'
S i n c e  Eq. (5 )  i s  f i r s t  o r d e r  i n  t ” , t h e n  Eq. (5 )  and t h e  
I n i t i a l  c o n d i t i o n  s p e c i f i e d  by Eq. (7 )  d e t e r m i n e  K u n i q u e l y .
An Im m e d ia te  c o n s e q u e n c e  o f  Eq. (3 )  i s  t h e  s u p e r p o s i t i o n  
p r i n c i p l e ,
K ( q " , t " ; q ' , t ' )  = j K ( q " , t " ; q , t ) K ( q , t ; q ’ , t ' ) d q ,  (8 )
where  t h e  t i m e  t  p a r t i t i o n s  t h e  i n t e r v a l  £ t ’ , t " ]  I n t o  t h e  
s u b i n t e r v a l s  [ t ' , t ]  and  [ t , t n ] .  N o te  t h a t  Eq.  (8 )  may b e
6r e a d i l y  g e n e r a l i z e d  t o  t h e  c a s e  o f  a r b i t r a r i l y  f i n e  
p a r t i t i o n s *  , t 2 » • • • , ' t N, o f  [ t ’ , t M]*.
K(qHj t " j q ' t ' ) = / d q 1 / d q 2 . . . / d q N K ( q " , t " j q N, t N (9)
* • . K ( q 2 J t 2 ; q ^ Jt ^ ) K ( q ^ , t - L; q , , t  ’ ) .
( 1 . 2 . 2 )  T r a n s i t i o n  p r o b a b i l i t y  a m p l i t u d e s
I t  i s  o f t e n  u s e f u l  t o  e x p r e s s  t h e  p r o p a g a t o r  i n  t e r m s  
o f  a rg u m e n t s  o t h e r  t h a n  c o o r d i n a t e s . L e t  a be  a p a r a m e t e r  
w h ic h  i n d e x e s  a  c o m p le t e  s e t  o f  s t a t e s ,  i|»0 ( q ) ,  o f  t h e  s y s t e m .  
The p r o p a g a t o r  f o r  t h e  s y s t e m  i n  t h e  a - r e p r e s e n t a t i o n  i s  
d e f i n e d  t o  be
Ka",a(Ct"»t,) - / v rq,,)V Cq,,»t,I)dV" do)
w here  ¥ , (q"  , t " ) i s  t h e  w a v e f u n c t i o n  f o r  t h e  s y s t e m  a t  t im e  
t " ,  g i v e n  t h a t  i t  was i n i t i a l l y  i n  s t a t e  a '  a t  t im e  t r . Use 
o f  Eq. (3)  t h e n  y i e l d s
K „ . ( t " , t ' )  = /  J'J'*,* ( q u ) K(q" , t "  ; q ' , t 1) ^ , ( q ' )dV’ dV" . (11)U  ^u u u
T h i s  e x p r e s s i o n ,  when a b s o l u t e  s q u a r e d ,  may be  i d e n t i f i e d  as  
t h e  p r o b a b i l i t y  f o r  t r a n s i t i o n  f rom  s t a t e  t o  s t a t e  
d u r i n g  t h e  t i m e  i n t e r v a l  f rom  t h e  i n i t i a l  t i m e  t ’ t o  t h e  
f i n a l  t im e  t " .  Such t r a n s i t i o n  p r o b a b i l i t i e s  a r e  o f  c e n t r a l  
i m p o r t a n c e  i n  s c a t t e r i n g  t h e o r y ,  p a r t i c u l a r l y  i f  e v a l u a t e d  
f o r  ( t "  -  t * )  ■+ » .  I n  s u c h  an  a p p l i c a t i o n ,  n o r m a l l y  t h e  
c o o r d i n a t e s  r e p r e s e n t e d  by q ' s  i n  Eq. (1 1 )  w ou ld  n o t  b e  t a k e n  
t o  s t a n d  f o r  t h e  s p a t i a l  c o o r d i n a t e s  o f  t h e  p a r t i c l e s
7i n v o l v e d  i n  t h e  s c a t t e r i n g  p r o c e s s ;  b u t  r a t h e r  t h e  s t a t e s
4^1 and 4>all wou ld  r e p r e s e n t  s p e c i f i c  s t a t e s  o f  a  s y s t e m  f o r
which  a B o s o n i c  f i e l d  ( o f  p a r t i c l e s  o f  some p a r t i c u l a r  t y p e ,
t , p r e s e n t  i n  t h e  s y s t e m )  i s  o c c u p i e d  by a  s p e c i f i e d  number
o f  p a r t i c l e s  w i t h  s p e c i f i e d  d e f i n i t e  momenta.  I n  t h e  l i m i t
( t "  -  t ' K  „ , w o u ld  t h e n  be  c a l l e d  t h e  s c a t t e r i n g01  ^ct
m a t r i x  ( S - m a t r l x )  e l e m e n t  f o r  t h e  s c a t t e r i n g  p r o c e s s  i n  
w h ich  t h e  s y s t e m  i s  i n i t i a l l y  i n  t h e  s t a t e  4ia , w i t h  t h e  
t  p a r t i c l e s  h a v i n g  s p e c i f i e d  i n i t i a l  momenta ,  a n d  f i n a l l y  
a f t e r  a  s u f f i c i e n t l y  lo n g  t i m e  I s  fo u n d  t o  h a v e  a l l  o f  t h e  
m e a s u r a b l e  p r o p e r t i e s  w h ic h  c h a r a c t e r i z e  t h e  s p e c i f i e d  f i n a l  
s t a t e  t|ia ,f ( I n c l u d i n g  t h e  s p e c i f i e d  momenta o f  t h e  t  p a r t i c l e ^ ) .
( 1 . 2 . 3 )  G r o u n d - s t a t e  e n e r g i e s
S uppose  t h a t  t h e  H a m i l t o n i a n  f o r  t h e  s y s t e m  h a p p e n s  t o  
be  t i m e - i n d e p e n d e n t  and  t h a t  $0 ( q ) , <fr-j_(q) • • • * fo rm  a
c o m p le t e  o r t h o n o r m a l  s e t  o f  e n e r g y  e i g e n f u n c t i o n s  w i t h  
c o r r e s p o n d i n g  e i g e n v a l u e s  E ^ E ^ E g , . . . .  Then t h e  c o o r d i n a t e  
p r o p a g a t o r  may be  e x p r e s s e d  a s
K ( q " , t " ; q ' , C >  = J  * < q " ) ♦*(q< ’ )En/1!. (12)
n -0
The v a l i d i t y  o f  t h i s  e x p r e s s i o n  may be s e e n  by o b s e r v i n g  
t h a t  i t  s a t i s f i e s  E q s .  (5 )  and  ( 7 ) .  Suppose  t h a t  t h e  g r o u n d -  
s t a t e  e n e r g y ,  Eq , i s  n o n - d e g e n e r a t e .  Then e x a m i n a t i o n  o f  
Eq. (12)  y i e l d s  t h e  f o l l o w i n g  b e h a v i o r  o f  t h e  p r o p a g a t o r  f o r  
l a r g e  i m a g i n a r y  t i m e s ,
Thus
a n [ K ( q " , t ' - l B i q ' , t ' : [ l ^ ( - $ E o/ r 0  + t n [  *0 ( q " ) ** (q  ’ ) ] ( 1 6 )
J T S  - 6 E 0 ^ -  ( I T )
T h e r e f o r e  t h e  g r o u n d - s t a t e  e n e r g y  may b e  w r i t t e n  i n  t e r m s  o f
t h e  p r o p a g a t o r  a s :
E = l im  { £ n [ K ( q " j t ' - i B j q ’ , t ’ ) ] / $ } .  (1 8 )
($-*•00
CHAPTER 2 
EVALUATION OP THE PROPAGATOR
( 2 . 1 )  P a t h - I n t e g r a l  E x p r e s s i o n  f o r  t h e  P r o p a g a t o r
The l a s t  s e c t i o n  o f  C h a p t e r  1 d e m o n s t r a t e s  t h e
u s e f u l n e s s  o f  t h e  p r o p a g a t o r  f o r  a  g i v e n  q u a d r a t i c  s y s t e m
w i t h  r e g a r d  t o  o b t a i n i n g  s p e c i f i c  I n f o r m a t i o n  a b o u t  t h a t
s y s t e m ,  t h u s  p r o v i d i n g  m o t i v a t i o n  f o r  e v a l u a t i n g  t h e  p r o p a -
■a
g a t o r .  The p h a s e - s p a c e  p a t h - i n t e g r a l  l a n g u a g e  o f  G a r r o d  
i s  u s e d  h e r e  t o  f o r m u l a t e  t h e  p r o p a g a t o r  c o n v e n i e n t l y  f o r  
e v a l u a t i o n  i n  t h e  n e x t  s e c t i o n  o f  t h i s  c h a p t e r .
G a r r o d * s  e x p r e s s i o n  f o r  t h e  p r o p a g a t o r  f o r  q u a d r a t i c  
s y s t e m s  c an  be  c o n s t r u c t e d  by t h e  f o l l o w i n g  p r o c e d u r e ,  a s  
v e r i f i e d  i n  A ppend ix  A:
(1 )  L e t  t ^ , t 2 » . • • , t ^ _ ^  be  a  p a r t i t i o n  o f  t h e  t i m e  
i n t e r v a l  [ t ' j t * * ]  w i t h
t Q = t* a n d  t M i  t " .  ( 1 9 )
F o r  c o n v e n i e n c e  l e t
t A -  t 4_ 1 = c = ( t " - t *)/M (20 )
f o r  a l l  i * 1 , 2 , . . . ,M. E q u a t i o n  (9 )  g i v e s  t h e  p r o p a g a t o r  
f o r  t h e  c o m p le t e  t i m e  I n t e r v a l  a s
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4" Vk
where K C q ^ a *^ £,—1 is the ProPagator for the £
subinterval, and
qQ = q* and qM = q". (22)
(2) Let
(23)
«> d p ff . t £
/  /  E p ( t ) q ( t ) -  H ( q ( t ) , p ( t ) , t ) ] d t } ,
V l
where
q ( t )  * ^ ^ ( t ^ - t )  + q £ ( t ' t £ - l J ] / e  f o r  t £ - i i t - t £> C24)
P ( t )  * P z f o r  fcA_ 1<t <' tA, (2 5 )
an d  H ( q , p , t )  i s  t h e  c l a s s i c a l  H a m i l t o n i a n  f u n c t i o n  d e f i n e d  
by Eq.  ( 1 ) .  The f u n c t i o n s  q ( t )  a nd  p ( t )  a r e  shown g r a p h i ­
c a l l y  i n  P i g s .  1 and  2 r e s p e c t i v e l y .
(3 )  Take t h e  l i m i t  a s  M a p p r o a c h e s  i n f i n i t y .  Note  
t h a t ,  i n  t h i s  l i m i t ,  q ( t )  a n d  p ( t )  c h a r a c t e r i z e  a  l a r g e  c l a s s  
o f  p a t h s  i n  p h a s e  s p a c e  a s  t h e  v a r i a b l e s  Q j# 2 » ' * * , q M-l  and 
P ^ , P 2 >• • * »PM v a r y  i n d e p e n d e n t l y .  The r e s u l t  g e n e r a l i z e d  f ro m  
one t o  N d e g r e e s  o f  f r e e d o m  i s
00 oo N
K ( q " , t "  ; q 1 , t f ) * l im  { /  . . . /  [ n d q .  . . . . . d q .  M ,
M-*-® -00 -  00 j = l  J J »L1” -L C26j
d p 1 1 d p i M i  fc" Nx ^ - Je x p t f f  / ^ d t [  I P j  ( t ) q j  ( t ) - H ( q ( t ) , p ( t ) , t ) ] } >
t  j  = 1
-  N .  f  N
/  D I q ( t ) , p ( t ) ] e x p { , s  /  [ £ P j ( t ) q , ( t )
( Q ' . f )  f  J - l  ( 2 ? )
-  H ( q ( t ) , p ( t ) , t ) ] d t }.
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q ( t )
t' = t0 t,
M-2
•  *  *
t"^M-2 *1*1-1
Fig. I
1 1 
n
|Pm-i|P4 1 1 | |
1 Lfl. 
| 1
p3
..._J I
V.| 1 
1 1
m i  i i
r x t0 t| t2 t 3 t M_2 t | |_( tj#* t"
Fig. 2
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F e y n m a n 's  c o o r d i n a t e - s p a c e  r e p r e s e n t a t i o n  o f  t h e  
q u a d r a t i c - s y s t e m  p r o p a g a t o r  can  h e  r e p r o d u c e d  f rom  Eq ,  (26)  
by e x e c u t i o n  o f  t h e  I n d i c a t e d  I n t e g r a t i o n  o f  t h e  p .  . ' s .
3 3 **
T h i s  I s  e a s i l y  a c c o m p l i s h e d  w i t h  t h e  a i d  o f  two momentum
t r a n s f o r m a t i o n s .  F i r s t  l e t
N ,
p j ( t >  = z vj k p k ( t )  (28)k - 1
and
N
w h ere  y i s  a  s y m m e t r i c  m a t r i x  w h ic h  s a t i s f i e s  t h e  e q u a t i o n
P j p £ o (29)
m2 * a .  (30)
S e c o n d ,  l e t
PJ,» = PJ.» + “ qk,* + <31>
where 3k i* and ^k l rePresent respectively the mean
 ^ j
v a l u e s  o f  dk ( t ) ,  and  q k ^ ^  i n  t h e  i n t e r v a -^
t £ - 1 < t < t A. A p p l i c a t i o n  o f  t h e s e  two t r a n s f o r m a t i o n s  t o  
Eq.  (2 6 )  w i t h  u se  o f  Eqs. ( 1 ) ,  ( 2 4 ) ,  and  ( 2 5 )  y i e l d s
K(q,' , t " ; q , , t l ) = l i m { | a | “ M J . . . J  [ H d q ,  , . . . d q .  „  ,
M-»-® - «  -® J = l  J 1
N M N N ,
E e
j « l  4*1 J*1  j
M N _ _ t N
t "  N N
IT 2 1 —1
: d p j , r - - d p j , M ] e x p C - M  A  A
x ex  £ ( ^Z b j j f q j ( t ) q j t ( t ) + e j ( t ) q j ( t ) ) + f ( t ) ] d t ] > .
t '  J=1  j ' = l  (32)
The f i n a l  r e s u l t ,  o b t a i n e d  by i n t e g r a t i o n  o f  t h e  p'.' ' s ,  i s
J  * *
13
K ( q " , t " ; q '  , t ' )  * f [ | a |  ( 2 ih T /M )N]
-M/2
(33 )
N M -l  t "
x [ n n dq j]expCa- /  L ( q ( t ) , q ( t ) , t ) d t ]  > 
j = l  Z= 1  ^  t .
w h e re
N
M q » 4 * t )  = s p . 4 -  H ( q , p , t )
j = l  3 3
(3*0
(3 5 )
“ ** ”  f ( t )
i s  t h e  L a g r a n g i a n  c o r r e s p o n d i n g  t o  t h e  H a m i l t o n i a n  H ( q , p , t ) ,  
w h e r e
a nd  w h e re  t h e  l i m i t  M-*-« was t a k e n  i n  t h e  a rg u m e n t  o f  t h e  
s e c o n d  e x p o n e n t i a l  f u n c t i o n  o c c u r r i n g  i n  Eq. ( 3 2 ) .  The t i l d e  
i n  E q s .  (37) a n d  (3 8 )  d e n o t e s  t r a n s p o s i t i o n .  The s q u a r e  r o o t  
o f  a n y  complex num ber  i s  t o  be  u n d e r s t o o d  t o  r e p r e s e n t  t h e  
r o o t  w i t h  an a r g u m e n t ,  0 ,  i n  t h e  r a n g e  -  - |-<e< + |-. S i n c e  t h e  
c o o r d i n a t e  s p a c e  r e p r e s e n t a t i o n  o f  t h e  p r o p a g a t o r ,  g i v e n  i n  
Eq .  ( 3 3 ) »  i n v o l v e s  a  s y s t e m - d e p e n d e n t  n o r m a l i z a t i o n  f a c t o r ,
[ | a | ( 2 i h T / M ) N] “ M/^ ,  t h e  p h a s e - s p a c e  e x p r e s s i o n , w h i c h  d o e s  not^ 
i s  m ore  r e a d i l y  g e n e r a l ! z a b l e .
Q = zj r a “ 1c ,
g = b -  ^fla_ 1 c ,
(36)
(3 7 )
and
p ( t )  = e ( t )  + Q c l ( t ) , (3 8 )
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( 2 , 2 )  G e n e r a l  D e r i v a t i o n
A c o n v e n i e n t  f i r s t  s t e p  I n  e v a l u a t i n g  t h e  p r o p a g a t o r  
g i v e n  by Eq. ( 3 3 )  i s  t h e  e x t r a c t i o n  o f  i t s  d e p e n d e n c e  on 
t h e  e n d p o i n t  v a l u e s  q* a n d  q ” . T h i s  can  be  a c c o m p l i s h e d  
by w r i t i n g  t h e  p a t h  as
q ( t )  = q C( t )  + z ( t )  (3 9 )
t "and  i n t e g r a t i n g  l  ( q ( t ) , 4 ( t ) , t ) d t  by p a r t s  t o  g e t
t "  t "
I i ( q ( t ) , q ( t ) , t )  = /  i ( q c ( t ) , q G( t ) , t ) d t  
t '  t '
t "
+ / z , ' ( z ( t ) , z ( t ) ) d t ,  (4 0)
t*
w h ere  q ° ( t )  i s  t h e  c l a s s i c a l  t r a j e c t o r y  d e t e r m i n e d  by t h e  
b o u n d a ry  c o n d i t i o n s
q C( t f ) * q ( t ' )  = q* ( 4 l )
and
q C ( t ” ) = q ( t ,T) = q " ,  (4 2 )
an d  t h e  c l a s s i c a l  e q u a t i o n  o f  m o t i o n
| a " 1 ( q C( t ) - d ( t ) ) + 2 Q a 4 C( t ) + 2 g q C( t ) + p ( t )  = 0 ;  (4 3 )
where
z ( t )  = q ( t )  -  q C( t ) ;  (4 4 )
and  where
^  <l,5)
Q 1 *»
i s  J u s t  t h e  q u a d r a t i c  p a r t  o f  l ( Z j S j t ) ,  w i t h  Q = ^ (Q-Q)
denoting the antisymmetric part of the matrix Q.
S u b s t i t u t i o n  o f  Eq.  ( 4 0 )  i n t o  Eq. (33)  y i e l d s
K (qn , t B; q l , t * ) « e x p [ i S c ( q n , t " ; q * , t * ) / t f ] P ( T ) ,
where
t «
( q ” i t " ; q f , t 1 ) = /  L ( q G( t )  , q ° ( t )  , t ) d t  
c t*
i s  t h e  c l a s s i c a l  a c t i o n  a s s o c i a t e d  w i t h  t h e  L a g r a n g i a n  L
and  where
» „  -M/2 N M-l
P(T )  = l im{ / . . .  /  C | a  | (2 ihT /M ) ] * ti d q ,  .
M-*-® - »  - «  j - - l  i n i  3
t "
x e x p ^  /  4* ( z ( t )  , z ( t )  ) d t ] >  
t '
= K'tO.f'jO.t'), 
with KT defined by replacement of l by i ' in Eq. (33). 
Equation (46) reveals the coordinate dependence of 
K(q",t";qf,t') to be as stated in Section (1.1).
I n  o r d e r  t o  e v a l u a t e  F (T )  l e t  b e  d e f i n e d  by 
r e p l a c e m e n t  o f  i  by L T i n  Eq. ( 4 7 ) ,  a s  K' i s  s i m i l a r l y  
d e f i n e d  i n  Eq. ( 4 9 ) .  S i n c e  t h e  fo rm  o f  l ' i s  a  s p e c i a l  
c a s e  o f  t h e  fo rm  o f  l , t h e n  a c c o r d i n g  t o  Eq. (46)
Kf (q"  , t " ; q '  , t 1 ) * e x p [ i S J ( q "  , t " ; q '  , t 1 ) / f ! ] F ( T ) .
By s e t t i n g  q" e q u a l  t o  q 1 i n  Eq. (50)  and  i n t e g r a t i n g  t h e  
r e s u l t  w i t h  r e s p e c t  t o  q ' ,  one o b t a i n s
F (T )  = A ( T ) / B ( T ) ,
w h e re
15
(4 6 )
(47 )
(4 8 )
(4 9 )
(5 0 )
(5 1 )
16
00 CO H
B(T) = /  . . . /  e x p [ i S *  (q* ,q* ) / r f )  H dq* (5 2 )
j = l  J
and
OQ CO N
A(T) = /  . . . /  K ' ( q ’ , t " ; q ’ , t ' )  n dq* (5 3 )
_CO -00 j = 1  J
t "-M/2
= l i m { /  . . . /  |a.| e x p [ i /  I * ( q ( t ) , q ( t ) ) d t / t f ]  
M">°° —00 —CD
V
N M-l d q ,  dq*
X n [< n  -) J ■■■]} (5 4 )
j = l  4=1 / ( 21hT/M) / (2 ihT7M )
w h e re  q ( t )  l r  g i v e n  by Eq. (2 4 )  w i t h
° j  5 qj ( t , >  ! q j , 0  -  qJ ,M  5 ( 5 5 )
The p r o p a g a t o r  K ( q " , t M; q ' , t ' )  I s  g i v e n  by Eq.  (4 6 )  I n  t e r m s  
o f  t h e  c l a s s i c a l  a c t i o n  S ( q " , t " , q * , t * ) and  t h e  f u n c t i o n  
F ( t )  g i v e n  by E qs .  ( 5 1 ) - ( 5 5 )  and ( 2 4 ) .
To e v a l u a t e  t h e  i n t e g r a l s  o c c u r r i n g  i n  Eq. ( 5 4 ) ,  i t  i s  
h e l p f u l  t o  i n t r o d u c e  new v a r i a b l e s  o f  i n t e g r a t i o n ,  B j ( n ) ' s ,  
d e f i n e d  by
N 1 / 2
q j ( t )  = I yj J t ( 2 h / T )  {BJ f ( 0 ) * o ( t )
3 (56)
+ [Bj,(n)*°(t) + Bj,(n)*®(t)]},
w here  y i s  a  sy m m e t r i c  m a t r i x  w h ic h  s a t i s f i e s  Eq. ( 3 0 ) ,  a n d  
t h e  s e t  o f  f u n c t i o n s
*0 ( t )  = 1 ,  (5 7 )
♦® (t)  * ✓ 2cos(2»n ( t - t * ) ) ,  (58 )
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and
w i t h
♦® (t)  = / 2 s i n ( 2 w n ( t - t f ) ) , '  (5 9 )
u>n = n tt/T (60)
and  n = 1 , 2 , 3 , . . . ,  fo rm  a  c o m p l e t e  o r t h o n o r m a l  s e t  o f  
f u n c t i o n s  o f  t = ( t - t ' ) / T  on t h e  i n t e r v a l  0 < t < 1. S i n c e  
t h e  r e l a t i o n  b e tw e e n  t h e  A' s  o c c u r r i n g  a s  v a r i a b l e s  o f  
i n t e g r a t i o n  i n  Eq.  (5 4 )  and  t h e  8 j ( n ) ’ s ,  a s  g i v e n  by Eq.
( 5 6 ) ,  i s  i n d e p e n d e n t  o f  t h e  m a t r i c e s  Q and  g i n  Eq. ( 4 5 ) ,
ii
t h e n ,  a c c o r d i n g  t o  a  p r o o f  by D a v i s o n ,  t h e  J a c o b i a n  f o r  a 
t r a n s f o r m a t i o n  f rom t h e  q^ t ' s  t o  t h e  0 j ( n ) ' s  i n  t h e  l i m i t
M+oo i s
11m {■( |a|)‘ 2 [jkSS)1"1" 1] 2 }. (61)
A p p l i c a t i o n  o f  t h i s  t r a n s f o r m a t i o n  t o  Eq. (54)  y i e l d s
1 t "
b  v  CO 00
A(T) = | a |  /  . . . /  e x p [ i  /  i  ' ( q ( t )  , q ( t )  )d t / l f ! |
-  -  t .
N ® d p ? ( n )  dB®(n) dq* 
x n [ (  n ■■ — J ) —- .- ■J- ] .  (6 2 )
j = l  n = l  / ( + l )  / ( + i T  / (+ 2 ih T )
w here  t h e  com ponen ts  o f  q ( t )  a r e  g i v e n  by Eq. ( 5 6 ) and  where
t
q ( t )  = /  q ( t ) d t  + q * .  ( 6 3 )
t 1
N ote  t h a t  E q s .  ( 5 5 ) - ( 6 Q )  im p ly  t h a t
8j(0) = 0. (64)
L e t  new v a r i a b l e s  o f  i n t e g r a t i o n  be  d e f i n e d  by
18
yj = qj -  2  ^ (nj(n)/o)n) (65)
and  by t h e  r e a l  a n d  I m a g i n a r y  p a r t s  o f  
C j (n )  = ( n ) + i r i j  (n )
N 1 / 2  c s = I ( h / T )  uJ (J , ( f J ° , ( n ) - i { J ® t ( n ) ) .  (66)
J * 1
A f t e r  s u b s t i t u t i o n  o f  E q s .  ( 6 4 ) - ( 6 6 )  i n t o  E q s .  (5 6 )  and  ( 6 3 ) 
and  s u b s t i t u t i o n  o f  t h e  r e s u l t s  i n t o  £ ' ( q , q ) ,  a s  g i v e n  by 
Eq.  (45 )  one  o b t a i n s
t "
S ' ( q ( t ) ) = /  i * ( q ( t ) , q ( t ) ) d t  ( 6 7 )
t '
N N , ® #
“ 2 Z E JVJj , ( w n H <j ( n H j , ( n ) - g ^ , y j y . J i ;]T, (68)
J *1 J n - 1
w h ere
n(wn ) = a ” 1 -  2 i  Qa / u n -  ( 6 9 )
S u b s t i t u t i o n  o f  E q s .  ( 6 5 ) - ( 6 8 )  i n t o  Eq. (6 2 )  y i e l d s
-  ■— +« +°° N d y .
A ( T )  = | a  1 2  J  . . . /  { n [  ■ J
_« j = i  / ( 2 i h T )
x n ( i ^ T  d e j ( n ) d n J ( n ) ) ] e x p ( i S ' ( q ( t ) ) / K ) }  (7 0 )
 ^ 1 1  
2 2 00
= EC2iT)N | a |  | g |  n ( | a |  | » ( 0  I )3_1, (71)
n = l
w here  t h e  <*j's a r e  e i g e n v a l u e s  o f  a .
I n  o r d e r  t o  e v a l u a t e  B ( T ) ,  d e f i n e d  by Eq. ( 5 2 ) ,  t h e  
c l a s s i c a l  a c t i o n  S ' C q ^ q ' )  n e e d e d  may b e  d e t e r m i n e d  a s  t h e
V
19
m i n i m i z a t i o n  o f  S ' ( q ( t ) )  ( g i v e n  by Eqs.  ( 6 8 )  and  (65)) w i t h  
r e s p e c t  t o  c w i t h  q 1 h e l d  c o n s t a n t .  M i n i m i z a t i o n  r e q u i r e s  
t h a t
cCn) = (7 2 )
n
i n  w h ic h  c a s e  E qs .  ( 6 5 )  and ( 6 8 )  become
y = A“ 1g q ’ (73 )
and
S ' C q ' . q ' )  = m in  S ' ( q ( t ) )  * -  E z A1 1 f y , y , ,
j = l  j ' = l  J J
r e s p e c t i v e l y ,  where
A = g -  g x g  (7 5 )
and
1 ,.-1, x . J -l, „  (?6)
N N
(74 )
X ■ 2  p(n (d) ) + 12 ( « - ) ) •
n = l  u d n  nn
S u b s t i t u t i o n  o f  Eq. ( 7 4 )  i n t o  E q .  (52)  and  t r a n s f o r m a t i o n  o f  
i n t e g r a t i o n  v a r i a b l e s  f rom q j ’ s t o  t h e  y j *s g i v e n  by E q . ( 7 3 )  
y i e l d
® 00 j m N N
B ( T)  = | g “ x A | /  . . . /  e x p { = i i  s Z A y y , } n  dy ,  (7 7 )
-00 —00 £1 j =2. j 1 =1 J J J J J J
1 M -1 1 / 2
* L | s | ” ( h / 2 i T ) | g ” A| ] . ( 7 8 )
E q u a t i o n  ( 5 1 ) 9 w i t h  A(T) g i v e n  by  Eq. (71)  a n d  B(T) g i v e n  by
Eq. (78)  g i v e s
w x/ 2 00 1
F (T )  = { [ ( 21Th) | a  | | I - Xg | 3 n ( | a | | n ( « n ) | ) } .  (7 9 )
n = l  n
I n  summary, t h e  p r o p a g a t o r  f o r  q u a d r a t i c  sy s te m s  i s  
g i v e n  by
20
K (q,T, t "  ;q* , t ' ) = e x p d S ^ q "  , t "  ; q '  , t f ) / f ! ) F ( T )  ( 8 0 )
where
N 1 / 2  - 1F ( T )  -  { [ ( 2 i T h ) N | a | U | ]  r} x , ( 8 1 )
r  = n ( | a j  | eiCoi_) | ) ,  ( 8 2 )
n = l
00
-  I  -  s [ n  1 ( u n ) + n ” 1 (<un )]g / iD ^,  ( 8 3 )
n = i
n(«on ) = a " 1 -  2 iQ a/w n -  g / « £ ,  ( 8 4 )
g = b - ^  c a _ 1 c ,  ( 8 5 )
Qa  = -  J - ( a "1c -  c a “ X) , ( 8 6 )
«n = rrn/T, ( 8 7 )
T = t "  -  t '  , ( 8 8 )
a n d  S ( q M, t " ; q ' , t ' )  I s  t h e  c l a s s i c a l  a c t i o n  f u n c t i o n .
v
( 2 . 3 )  S p e c i a l  Case
A s i m p l i f i e d  e x p r e s s i o n  f o r  t h e  p r o p a g a t o r  K (qM ) t , , ;q*  , f )  
may be  o b t a i n e d  i f  a  i s  p o s i t i v e  d e f i n i t e ,  s o  t h a t  a  h a s  a  
u n i q u e  p o s i t i v e  d e f i n i t e  s q u a r e  r o o t ,  p ,  and  i f
g'Q* = Q’g ' ,  (89)
w h ere
g '  = ygv ( 9 0 )
a n d
Q' = uQ V  (91)
I n  t h i s  c a s e  t h e  i n f i n i t e  p r o d u c t  i n  Eq. (8 2 )  and  t h e
21
i n f i n i t e  sum I n  Eq. ( 8 3 ) c an  b e  p e r f o r m e d .  
C o n s i d e r  t h e  f u n c t i o n
w h e re
L = n Cfl, ( « n ) f i , *(wri) ) ,  ( 9 2 )
n = i
= pn(t»)n )ij (9 3 )
= I  -  21Q'/(on -  g ' / u l  (9*0
N o te  t h a t  a c c o r d i n g  t o  E q s .  (82)  a n d  ( 9 2 ) ,  t h e  d e t e r m i n a n t
2
o f  L i s  e q u a l  t o  r s i n c e  fl’ (w ) I s  H e r m i t i a n  and  t h e  
( f e te rm in a n t  o f  a  m a t r i x  I s  i n v a r i a n t  u n d e r  t r a n s p o s i t i o n .  
A c c o r d i n g  t o  E q s .  (9 2 )  a n d  ( 9 * 0 ,
3g' (An L) = -  z -^■(ft, " 1 ((o ) + n , *“ 1 ((u ) ) .  ( 9 5 )Q ' . - n  n = l  4
C om par iso n  o f  E q s .  ( 8 3 ) and  (9 5 )  i n d i c a t e s  t h a t
(9 6 )
-  1  + [ - t r l  ( i n  D i g ' .  ( 9 7 )
N ote  t h a t  t h e  v a l u e s  o f  t h e  d e t e r m i n a n t s  o f  $ and  <j>' a r e  equal. 
T h e r e f o r e ,  Eq.  (81)  may be  w r i t t e n  as
n “ 1 / 2F (T )  = { ( 21Th) | a j | | | L j > (9 8 )
2s i n c e ,  a s  a l r e a d y  n o t e d ,  t h e  d e t e r m i n a n t  o f  L i s  e q u a l  t o  r  .
S u b s t i t u t i o n  o f  Eq.  (9*0 i n t o  Eq. ( 9 2 ) ,  c o m p l e t i o n  o f  
t h e  s q u a r e  i n  b o t h  f a c t o r s ,  and  f a c t o r i z a t i o n  o f  t h e  r e s u l t  
y i e l d
22
L -  n ( i  ♦ 2 ^ )2CI -  B ' -2 '2 2J[I  -  B '-Q’2 z3.
n = l  ^  U n I - l Q ' )  ( a ^ I + i Q M
A p p l i c a t i o n  o f  t h e  I d e n t i t y
e o e ( 2 x ) - c o s ( 2 y )  g " ( 1 . ^ L ) ( 1 ------3 s ! _ _ ) ( 1 --------* ! _ )
2 (y  - x  ) k = l  k  ir (kir+y) (k i r -y )
y i e l d s
= c o s ( 2 i T Q 1) - c o s ( g T / C g ' - Q 12) )
2 g f T2
A f t e r  s u b s t i t u t i o n  o f  E q s .  (10 1 )  and  (9 7 )  i n t o  Eq. (9 8 )
o b t a i n s  t h e  r e s u l t  t h a t  t h e  p r o p a g a t o r  f o r  t h e  s p e c i a l
i s  g i v e n  by Eq.  (8 0 )  w i t h
m - 1 / 2
F(T) = { ( 2 iT h )  | a | | G [ 4 T  ( g f -Q* ) ] | }
w h e re
g ( x2) .  s l n j x l .
(99)
( 1 0 0 )
( 101)
, one 
c a s e
( 1 0 2 )
(1 0 3 )
CHAPTER 3 
SIMPLE APPLICATIONS
( 3 . 1 )  One D e g ree  o f  Freedom
I n  one d e g r e e  o f  f r e e d o m  t h e  H a m i l t o n i a n  f u n c t i o n  
d e f i n e d  by Eq.  ( 1 )  r e d u c e s  t o  t h e  form
w h e re  m, b ,  u>o  a r e  g i v e n  c o n s t a n t s  and  d ( t ) ,  e ( t ) ,  f ( t )  a r e  
s p e c i f i e d  f u n c t i o n s  o f  t i m e .  T h i s  H a m i l t o n i a n  d e s c r i b e s  a  
f o r c e d  h a rm o n ic  o s c i l l a t o r  o f  m a s s ,  m, f o r  w h ic h  t h e  
c l a s s i c a l  a c t i o n  i s
S c ( q " , q ' )  = H H T m 1!  "“ W 2 + q ' 2 > c ° s ( “T )  -  2 q " q ' ]
t" t"
+ [q" /  E ( t ) s l n ( w ( t - t ’ ) )d t  + q 1 J E ( t ) s i n ( ( i ) ( t " - t )  ) d t ]  
t '  t T
(10 5 )
t ” t"
-  j  d t  J dx E ( t ) E ( T ) s l n ( w ( t n- t )  ^ i n C ^ x - t * ) )  }
H ( q , p , t )  = p 2 + \  mbq2 + |u>0(pq + qp)
+ d ( t ) p  + e ( t ) q  + f ( t ) , (1 0 4 )
|m(o0 ( q " 2- q ' 2 )+ J [ | m d 2 ( t ) - f ( t ) ] d t - m [ q " d ( t " ) - q Td ( t ' )  ]
t "
»
where
i s  t h e  a n g u l a r  f r e q u e n c y  o f  o s c i l l a t i o n  and
(106)
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E ( t )  = mcl(t) -  e ( t )  + m<Dod ( t )  (1 0 7 )
i s  t h e  d r i v i n g  f o r c e  on t h e  o s c i l l a t o r .  S u b s t i t u t i o n  o f  
E q s .  ( 8 5 ) ,  ( 8 6 ) ,  ( 9 0 ) ,  ( 9 1 ) ,  a n d  (3 0 )  I n t o  Eq.  ( 1 0 2 ) ,  and
u s e  o f  Eq. ( 1 0 3 ) ,  g i v e
x/ 2
P t T > -  [ i k  S f a a i 3 ■ <1 0 8 >
A c c o r d i n g  t o  E q s .  (8 0 )  and  (1 0 8 )  t h e  p r o p a g a t o r  i s
2
K(q",t'*;q»,t') = ( ±h s l n ( tt)T) ) exp(ISc ( q " , q ' ) / * )  (109)
w h e re  S ( q ' ^ q 1) i s  g i v e n  by Eq.  ( 1 0 5 ) ,
I n  t h e  s p e c i a l  c a s e  o f  Eq. (1 0 4 )  f o r  w h ich
d ( t )  * e ( t )  = f ( t )  = 0 = w (1 1 0 )
t h e  p r o p a g a t o r  f o r  a s i m p l e  h a r m o n i c  o s c i l l a t o r  i s  r e c o v e r e d  
a s  g i v e n  by
V 2
K ( q " , t " ; q '  , t ' ) = Ci h  
x e x p { a r | f ^ T y C('3"2+'J , 2 , <!0s ( " t ) - 2 q " q ' ] > .  (1X1)
I n  t h e  l i m i t  w+0, t h i s  r e d u c e s  t o  t h e  f r e e  p a r t i c l e  
p r o p a g a t o r
_  1 /2  9 
K ( q " , t , , ;q ' j fc ' )  = ( ^ )  e x p [ i m ( q " - q  ’ ) V 2r fT ]  . (1 1 2 )
( 3 . 2 )  P a r t i c l e  i n  a  M a g n e t i c  F i e l d
The H a m i l t o n i a n  f o r  a  p a r t i c l e  I n  a c o n s t a n t  m a g n e t i c  
f i e l d  may be  e x p r e s s e d  i n  t h e  form
where  q i s  t h e  c h a r g e  o f  t h e  p a r t i c l e ,  m i s  i t s  m asb ,  and  B 
i s  t h e  m a g n i t u d e  o f  t h e  m a g n e t i c  f i e l d ,  w h ic h  i s  t a k e n  t o  be
i n  t h e  x ^ - d i r e c t i o n .  S u b s t i t u t i o n  o f  t h e  c o e f f i c i e n t s  o f
Eq.  (1 1 3 )  i n t o  E q s .  ( 8 5 ) ,  ( 8 6 ) ,  ( 9 0 ) ,  ( 9 1 ) ,  and ( 3 0 )  g i v e s
g '  = 0 (114)
and
Q' e  7  I u 0 0 ) , (115)
, / o  -M 0 \
= 2 I “ 0 0 ) »
I 0 0 0 /
where
in = ^qB/mc.  (116)
S u b s t i t u t i o n  o f  E q s .  ( 1 1 4 ) ,  ( 1 1 5 ) ,  and  (1 0 3 )  i n t o  Eq.  (1 0 2 )  
and u s e  o f  Eq.  (8 0 )  y i e l d
m i / 2
» ( j g p )  K - , g ; . T }0 « p ( l s G( , " . » ’ ) / « )  ( 1 1 7 )
where  S c ( x " , x ' )  i s  t h e  c l a s s i c a l  a c t i o n  f o r  a  p a r t i c l e  i n  a
c o n s t a n t  m a g n e t i c  f i e l d ,  w h ich  i s  g i v e n  by
S c ( x " , x T) = | m « { [ ( x j - x j ) 2 + ( x £ - x £ ) 2 ] c o t (w T )
-  2 ( x j x £ - x £ x ^ ) ) + ^ ( x » - x * ) 2 . ( 1 18 )
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G l a s s e r  h a s  p e r f o r m e d  t h e  p a t h - i n t e g r a l  e v a l u a t i o n  o f  t h i s  
p r o p a g a t o r .
CHAPTER 4 
LEE MODEL
( 4 . 1 )  D e s c r i p t i o n  o f  t h e  Lee Model
g o  6
The L ee  M odel ,  “  d e v i s e d  by T, D. L e e ,  d e s c r i b e s  a  
Ferm i f i e l d  o f  p a r t i c l e s  ( c a l l e d  heavy p a r t i c l e s )  w i t h  two 
I s o t o p i c  s t a t e s  ( c a l l e d  V - p a r t i c l e  s t a t e s  and  N - p a r t i c l e  
s t a t e s )  I n t e r a c t i n g  w i t h  a  B o son  f i e l d  o f  p a r t i c l e s  ( c a l l e d  
l i g h t  p a r t i c l e s ,  o r  0 p a r t i c l e s ) .  The H a m i l t o n i a n  d e s c r i b i n g  
t h e  s y s t e m  i s
A ^  A
E - z E A( p ) b x ( p ) b A(p )  + I  -Kwka kak
P » A  k  ( 1 1 9 )
_  g  * i  * a J * t A
z ^ ( f ( Uk) / / 2 f f ^ ) [ b y ( p ' ) b N( p ) a k + a kb j j (p )b v ( p ' ) ]  
p 1=p+k
A ^
where X i s  an  i s o t o p e  i n d e x  w i t h  domain ( V , N ) ,  b A(p )  a nd
A
b A(p) a r e  F e r m i o n i c  c r e a t i o n  and  d e s t r u c t i o n  o p e r a t o r s  f o r  a
A , j A
heavy p a r t i c l e  o f  i s o t o p i c  t y p e  X and momentum p ,  a k and  
a r e  B o s o n i c  c r e a t i o n  and d e s t r u c t i o n  o p e r a t o r s  f o r  a  0 
p a r t i c l e  o f  momentum k ,  EA( p )  i s  t h e  e n e r g y  o f  a h e a v y  
p a r t i c l e  o f  t y p e  A and momentum p ,  i s  t h e  e n e rg y  o f  a  9 
p a r t i c l e  o f  momentum k ,  gQ i s  a  c o u p l i n g  c o n s t a n t ,  V i s  t h e  
n o r m a l i z a t i o n  volume (w hich  u t l i m a t e l y  i s  t o  be t a k e n  -*•», i n  
which  l i m i t  summations o v e r  momenta a r e  t o  be  e v a l u a t e d  by 
t h e  r u l e
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E. . . ------ K V / h 3 ) J d 3p . . . ) ,  (1 2 0 )
P
and f ( w k ) i s  a  " c u t - o f f "  f u n c t i o n  w h ic h  w i l l  b e  p resu m ed  
h e r e  t o  h a v e  some fo rm  s u c h  t h a t  a l l  i n t e g r a l s  o v e r  e -  
p a r t i c l e  momenta w i l l  be  f i n i t e .  The f i r s t  two t e r m s  i n  
Eq. (1 1 9 )  r e p r e s e n t  t h e  e n e r g i e s  o f  t h e  h e a v y  p a r t i c l e  f i e l d  
and  t h e  l i g h t  p a r t i c l e  f i e l d  r e s p e c t i v e l y  w i t h o u t  i n t e r a c t i o n  
and  t h e  t h i r d  t e r m  c h a r a c t e r i z e s  t h e  i n t e r a c t i o n  o f  t h e s e  
two f i e l d s .  T h i s  i n t e r a c t i o n  i n d u c e s  p r o c e s s e s  c o n s i s t i n g  
o f  s u c c e s s i o n s  o f  t h e  b a s i c  r e a c t i o n  p r o c e s s  V i  N + e ,  
w h ic h  c o n s e r v e s  n o t  o n l y  t h e  momentum o f  t h e  s y s t e m ,  b u t  
a l s o  t h e  two q u a n t i t i e s
Q1 = E b ^ ( p ) b x (p )  (1 2 1 )
p , x
and
Q2 = E b * ( p ) b y ( p )  + E a £ a k (1 2 2 )
P ^
w h ich  r e p r e s e n t  r e s p e c t i v e l y  t h e  number  o f  h e a v y  p a r t i c l e s  
and  t h e  sum o f  t h e  num ber  o f  V p a r t i c l e s  and  t h e  number o f  
© p a r t i c l e s .
The Lee Model i s  a  s i m p l i s t i c ,  b u t  n o n - t r i v i a l ,  model
f o r  t h e  i n t e r a c t i o n  o f  n u c l e o n s  (h e a v y  p a r t i c l e s )  w i t h
mesons ( l i g h t  p a r t i c l e s ) .  Much o f  t h e  o r i g i n a l  i n t e r e s t  i n
7
t h e  m odel  p e r t a i n e d  t o  r e n o r m a l i z a t i o n  m e t h o d s . ' The Lee 
Model c a n  b e  h a n d l e d  m a t h e m a t i c a l l y  f a i r l y  e a s i l y  o n ly  i n  
t h e  s p e c i a l  c a s e  f o r  w h ic h  = Q2 = 1 ,  i n  w h ic h  c a s e  a  com­
p l e t e  s e t  o f  s t a t e s  c o n s i s t s  o n l y  o f  t h o s e  s t a t e s  f o r  w h ic h
28
e i t h e r  t h e r e  i s  e x a c t l y  one  V p a r t i c l e  p r e s e n t  o r  t h e r e  
a r e  p r e s e n t  e x a c t l y  one N p a r t i c l e  and  one 6 p a r t i c l e .
T h e re  i s  a  somewhat s i m p l i f i e d ,  w i d e l y  u s e d ,  v e r s i o n  
o f  t h e  model  (w h ic h  r e t a i n s  m os t  o f  t h e  e l e m e n t s  f o r  w h ic h  
t h e  o r i g i n a l  m od e l  i s  o f  i n t e r e s t )  o b t a i n e d  by r e g a r d i n g  t h e  
h e a v y  p a r t i c l e s  a s  b e i n g  e q u a l l y  m a s s i v e  and  so  h e a v y  t h a t  
one  may n e g l e c t  t h e i r  momenta (w h ic h  a r e  n e c e s s a r i l y  p r e s e n t  
i n  t h e  m o m e n tu m -c o n se rv in g  o r i g i n a l  m odel  due t o  t h e i r  
r e c o i l  upon a b s o r p t i o n  a nd  e m i s s i o n  o f  l i g h t  p a r t i c l e s ) .  I n  
t h i s  v e r s i o n
E ^ ( p )  = ^ 0) = c o n s t a n t .  (1 2 3 )
I t  i s  t h i s  s i m p l i f i e d  v e r s i o n  o f  t h e  Lee Model w h ich  w i l l  be  
u s e d  i n  t h e  r e m a i n d e r  o f  t h i s  w ork .
I n  o r d e r  t o  i l l u s t r a t e  t h e  pow er  o f  t h e  p a t h - i n t e g r a l  
m eth o d  w i t h i n  t h e  s c o p e  o f  q u a d r a t i c  H a m i l t o n i a n  s y s t e m s ,  i t  
i s  t h e  p u r p o s e  o f  t h i s  c h a p t e r  t o  u s e  t h i s  m ethod  t o  o b t a i n  
a c o m p le t e  d e s c r i p t i o n  o f  t h e  d y n am ics  o f  t h e  Lee Model f o r  
t h e  c a s e  = 1 .  I n  t h i s  c a s e  t h e  number  o f  h e av y  p a r t i c l e s
i s  r e s t r i c t e d  t o  o n e ,  w h ic h  h a s  o n l y  two i n d e p e n d e n t  s t a t e s :
t h e  V - p a r t i c l e  s t a t e  = (  q )  C12^)
and
t h e  N - p a r t i c l e  s t a t e  = (  ^ J * (1 2 5 )
b u t  t h e  number  o f  l i g h t  p a r t i c l e s  i s  u n r e s t r i c t e d .  The 
H a m i l t o n i a n  i s
29
where
(1 2 7 )
an d
(1 2 8 )
S i n c e  t h e  ( t i m e  d e p e n d e n t )  p r o p a g a t o r  c h a r a c t e r i z e s  
e x p l i c i t l y  t h e  t i m e  e v o l u t i o n  o f  a  s y s t e m  v a l i d l y  f o r  a l l  
p o s s i b l e  i n i t i a l  s t a t e s  o f  t h e  s y s t e m ,  t h e n  a  s a t i s f a c t o r y  
mode o f  c o m p l e t e  d e s c r i p t i o n  i s  o b t a i n a b l e  by e v a l u a t i n g  
e x a c t l y  t h e  p r o p a g a t o r  i n  some c o n v e n i e n t  known b a s i s  o f  
r e p r e s e n t a t i o n .  F o r  t h i s  p u r p o s e ,  t h e  o c c u p a t i o n - n u m b e r  
r e p r e s e n t a t i o n  i s  a  n a t u r a l  c h o i c e .  The b a s i s  s e t  o f  t h e  
o c c u p a t i o n - n u m b e r  r e p r e s e n t a t i o n  t o  be  u s e d  i s  t h e  s e t  o f  
a l l  s t a t e s  c h a r a c t e r i z e d  by s p e c i f y i n g  w h e t h e r  t h e  h e av y  
p a r t i c l e  p r e s e n t  i s  o f  t h e  V t y p e  o r  t h e  N t y p e  a n d  f o r  
e a c h  p o s s i b l e  momentum v a l u e  s p e c i f y i n g  t h e  number  o f  l i g h t  
p a r t i c l e s  p r e s e n t  w i t h  t h a t  momentum. T h ese  s t a t e s  a r e  
e i g e n s t a t e s  o f  t h e  H a m i l t o n i a n  w i t h  t h e  i n t e r a c t i o n  t e r m  
o m i t t e d .
A l th o u g h  t h e  o c c u p a t i o n - n u m b e r  r e p r e s e n t a t i o n  i s  a 
n a t u r a l  c h o i c e  f o r  a  m e a n i n g f u l l y  d e s c r i p t i v e  d i s p l a y  o f  t h e  
p r o p a g a t o r ,  a  more  c o n v e n i e n t  r e p r e s e n t a t i o n  f o r  com pu ta ­
t i o n a l  p u r p o s e s  i s  i n  t e r m s  o f  a c o m p l e t e  c o n t i n u o u s  s e t  o f
( 4 . 2 )  E v a l u a t i o n  o f  t h e  P r o p a g a t o r
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s t a t e s ,  c a l l e d  " c o h e r e n t 11 s t a t e s ,  w h ich  a r e  e i g e n s t a t e s  o f  
t h e  B o so n ic  d e s t r u c t i o n  o p e r a t o r .  One s o l u t i o n  t o  t h e  
e q u a t i o n
a k l a k > = a fcla k>» (12 9 )
A
w h ere  j ak > i s  t h e  e i g e n s t a t e  o f  a k w h ic h  c o r r e s p o n d s  t o  t h e  
e i g e n v a l u e  a k , i s
-  a i, I "  n . _
| a k ) = e  2 K z CakK/ /H ^ T )  | n k > (1 3 0 )
n k  "  0
w h ere  | n k > i s  t h e  s t a t e  c o n t a i n i n g  e x a c t l y  n k p a r t i c l e s
h a v i n g  momentum k .  T h a t  t h e  c o h e r e n t  s t a t e s  d e f i n e d  by Eq-.
(13 0 )  s a t i s f y  t h e  c o m p l e t e n e s s  r e l a t i o n s h i p
00 « d a  d a .
/  Ja> ^ <31 = 1 , (131)
w h e re  a r  and  a^  a r e  t h e  r e a l  and  i m a g i n a r y  p a r t s  o f  a 
r e s p e c t i v e l y ,  I s  e a s i l y  d e m o n s t r a t e d  by s u b s t i t u t i o n  o f  Eq. 
(1 3 0 )  i n t o  t h e  l e f t - h a n d  s i d e  o f  Eq.  ( 1 3 1 ) ,  t r a n s f o r m a t i o n  
o f  I n t e g r a t i o n  v a r i a b l e s  t o  p o l a r  c o o r d i n a t e s ,  and u s e  o f  
t h e  o r t h o n o r m a l i t y  and  c o m p l e t e n e s s  o f  t h e  b a s i s  s t a t e s ,  
| n k ), o f  t h e  o c c u p a t i o n - n u m b e r  r e p r e s e n t a t i o n . 9
As a  f i r s t  s t e p  i n  t h e  c o n s t r u c t i o n  o f  t h e  p r o p a g a t o r  
f o r  a  f i n i t e  t i m e  i n t e r v a l ,  t '  t o  t " ,  c o n s i d e r  t h e  f a m i l i a r  
s o l u t i o n  o f  Eq.  ( ^ ) ,
- i ( A t ) H
i | ) (q , t+ A t)  = e i f» (q , t ) ,  (1 32 )
At+0
f o r  an  i n f i n i t e s i m a l  t i m e  i n t e r v a l ,  t  t o  t  + At.  The
31
c o h e r e n t - s t a t e  r e p r e s e n t a t i o n  o f  t h e  p r o p a g a t o r  f o r  t h e  
t im e  i n t e r v a l , , t  t o  t  + A t ,  can  b e  o b t a i n e d  f rom  Eq.  (10 )  
by s u b s t i t u t i o n  o f  Eq. (132)  f o r
-i(At)H
K_„ t ( t + A t , t ) = < a " | e  *  | a ’ > . (133)
a  , a  At-»-0
B e ca u se  o f  t h e  c o m p l e t e n e s s  o f  t h e  c o h e r e n t  s t a t e s ,  e x p r e s s e d  
by Eq. ( 1 3 1 ) ,  t h e  s u p e r p o s i t i o n  p r i n c i p l e ,  s t a t e d  by Eq.  (9 )  
f o r  t h e  c o o r d i n a t e  r e p r e s e n t a t i o n ,  i s  v a l i d  a l s o  i n  c o h e r e n t -  
s t a t e  l a n g u a g e .  T h e r e f o r e  t h e  c o m p le t e  p r o p a g a t o r  f o r  t h e  
t i m e  i n t e r v a l ,  t 1 t o  t " ,  i s
K**< = l l m { J . . . / < a "  | e ' l e H / f i |a (M -l)>  < a (M -l )  |
a  »a M->® (1311)
M— 1
... |a(2))<a(2) |e“leii/fi|a(l)> <a(l) |e~lEH/fi|a’> n n d \ ( £ ) }
where
k 4=1 K
dBak (4) = d(ak (A))rd(ak (i))i/ 1T. (135)
As a notational convenience for future use, let
a(M) s a", a(0) = a* . ( 1 3 6 )
Expansion of the exponential functions in Eq. (13*0 to first 
order only in e yields
M
K ,1 -.(f.t') = lim(/.../[ n <a(4) |a(a-l) )
‘J1 037)
M - l  R
X (1-i e f l (  J l ) ) ]n n d av ( 4) } , 
k 4=1 K
where the arrow under the product symbol indicates the 
direction in which the index increases in the time ordered
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p r o d u c t  and where
B(£)  s < a ( £ ) | H | a ( £ - l ) > / E f i < a ( £ ) | a ( £ - l ) ) J  (138)
-  [(i3+ Z £ ) a k ( £ -1 )  ] I - 2  f £ [ a k ( £ ) a ++ak ( £ - 1 ) a +] (139)
k k
and
<a( £) | a (  £ -1 )  > = e x p { -  \  z [ | a . ( £ ) | 2
d k * ( l 4 o )
+ | a k ( £ - l ) | 2- 2 a k ( £ ) a k ( £ - l ) ] I >
h a v e  b e e n  e v a l u a t e d  by u s i n g  E q s .  (126)  a n d  ( 1 3 0 ) .  To f i r s t  
o r d e r  i n  e , t h e  q u a n t i t y  ( l - i e i i ( £ ) )  i n  Eq.  ( 1 3 7 ) ,  w i t h  fl(£) 
g i v e n  by Eq. ( 1 3 9 ) ,  can  be  f a c t o r e d  t o  y i e l d
( l - i e f l ( £ ) )  = Cl-ie[oi+Eu>ka k ( £ ) a k ( £ - l ) ) l 3
k
x [ l + i eE f £ ( a J < £ ) o ++ a k ( £ - l ) o  + ) ]  ( l 4 l )
k
-  e x p [ - i  E((o+Zuk a k ( £ ) a k ( £ - 1 )  ) I ]  
k
x [ l + ( i e E f ^ a k ( £ ) ) a ++ ( l EZ f ^ a k ( £ - l ) ) o +3.  (142)
A f t e r  s u b s t i t u t i o n  o f  E q s .  (1 4 0 )  and  (1 4 2 )  i n t o  Eq. ( 1 3 7 ) ,  
t h e  e x p r e s s i o n  f o r  t h e  p r o p a g a t o r  becomes
■t m ^  #
K H . ( t " , t ' )  = l im { e  /  • • • J n [ l + ( i e E f ' a. ( £ ) ) c ,
a  *a  ■ £=1 k +
i M ?' . + ( i e E f  ’ a. ( £ - l ) ) a . ] e x p { -  %  z s [ | a , ( £ ) |
k f £=1 k K
O K 1 R
+ | a k ( £ - l ) j  - 2 ( l - i e i u k ) a k ( £ ) a k ( £ -1 )  ] }n n d a^CO),
k Z=1
(143)
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E x p a n s io n  o f  t h e  t i m e - o r d e r e d  p r o d u c t  i n  powers  o f  e
p r o c e e d s  a s  f o l l o w s :
M *
n [ l + ( i e Z f  ' a .  ( £ )  )a , + ( i e  Z f £ a . (  4 - 1 ) ) o . 3 
4*1 k k * K
M M J «
= Z z '  n [ ( i e Z f ' a ^ U  IJff.  + C i e E f ' a f c U  - l ) ) a  3 
j= 0  4 ^  v = l  k k R v  + k *
[ —3l 2 j M v #
= a „  Z Zf n ( i e Z f ' a  (4 ) )  ( i e  2 f  • a d  4- - , - 1 ) )
V y=0 ^1> ^ 2 / =1 k k k ^v_1
[ - ]l2 j M V *
+ °N s n , s : V ^ W ' z v - i ^ ^ k ^ a v - 1 ”p  =  0  2 y  V
M u ,  u+1
+ *♦ *n . C " , 1 i a lcf * 2 v } ]C ,2 ,  l e =f k:a lct  *2v • - 1 -
u = 0  R 1 > £ 2 y + 1  V =
rM=l]L 2 J Mf m+1 * y
+ 0 . z z [ n i e Z f ’ a.  cJt ) ] [  n i Ez f *a d 4 „
■ * y=0 4 ,> 4 „  v = l  k 2V-1 vVL k K *1 2u+ l
where
and
°V
3 £i  1 £j - l - 1
Z Z . . .  Z i f  j > i > l
£1=1 £i + l =1 £j =1
6
l'
4_,>4., J g 0 3
J I 1 Z . . .  Z i f  i > j > l
£j =1 £j + l s;£j +1 £i “ £i - l +1
(1 4 4 )
1)3
D 3 ,
(1 4 5 )
(1 4 6 )
(1 4 7 )
The s q u a r e  b r a c k e t s  u se d  i n  f o u r  su m m at ion  l i m i t s  i n  Eq. 
(1 4 5 )  i n d i c a t e  t h a t  t h e  g r e a t e s t  i n t e g e r  l e s s  t h a n  o r  e q u a l  
t o  t h e  e n c l o s e d  q u a n t i t y  i s  t o  be t a k e n  as  t h e  sum m ation
34
l i m i t .  S u b s t i t u t i o n  o f  Eq. (1 4 5 )  i n t o  Eq. (1 4 3 )  e x p r e s s e s  
t h e  p r o p a g a t o r  K ,, t ( t "  , t ' )  i n  t h e  form o f  a  t w o - b y - t w o
Q. j  G
m a t r i x  whose e l e m e n t s  r e q u i r e  m u l t i f o l d  i n t e g r a t i o n  f o r  
e v a l u a t i o n .
An a l t e r n a t i v e  t o  e v a l u a t i o n  o f  t h e  p r o p a g a t o r ,
Q t ( t " , t ' ) ,  by d i r e c t  i n t e g r a t i o n  o f  e ac h  m a t r i x  e l e m e n ta  9 dr
i s  t o  g e n e r a t e  a l l  f o u r  m a t r i x  e l e m e n t s  f rom t h e  f u n c t i o n ,
M
K s "  a . C ^ ' . t ' )  =  J . . . / e x p { -  Z  [ i ( t a . ( O i 2 + | a .  ( A - l ) | 2 )
ft* k £=1 d K *  (1 4 8 )
* « M r
- ( l - i e u k ) a k ( £ ) a k ( £ - l ) - i £ f ^ [ X ( £ ) a k ( £ ) + a’ U ) a k ( £ - 1 )  ] ]} H (T e^U ) ,
i n  a c c o r d a n c e  w i t h  t h e  p r e s c r i p t i o n
a  * a  M-*-® A ( £ ) ,  A ' (  £ )  ->-0
£=1 , . . ,M
y 3 y 3
N p = 0  v = i 9 X ^ 2 v - 1^ ^  v , = 1  ^ £ 2 v '  ^ ^
M V y+1
+a z z* ( n (l d ( n t t t t t  5-)
+ 0 * 1 >£2jj+1 v * l  3 M * 2 v '  y 1 =1 2v 1 - 1
[W=i]
2 M •J+1 a  ^ a
+ ° + £0 , >1 ( -1 i ^ ( A  " ' A ,  ^ ) ]p=0 2 y + l  v 2 v - l  v =1 2v'
n K'J f ( t " , t ' ) } .  (149)
k k* k
* e
M
{ [ o y  s Z'
r ll 0 £x >£
[ § ] Mt
I n  t h e  l i m i t  M-*-*, K'a n a i C f ' j t ' )  c o n fo rm s  t o  t h e  p a t h - i n t e g r a l  k* k
e x p r e s s i o n  f o r  t h e  p r o p a g a t o r  o f  a s y s t e m  w hich  h a s  a quadra^ 
t i c  H a m i l t o n i a n  o f  t h e  fo rm
g ( t )  = A ( £ ) ,  g * ( t )  = X’ c A) f o r  t 1+ ( £ - 1 ) e < t < t '  + £ e . (15 1 )
One p o s s i b l e  m ethod  o f  e v a l u a t i n g  t h e  p r o p a g a t o r  K' would  
be  t o  t r a n s f o r m  Eq. (109)  i n t o  c o h e r e n t  s t a t e  n o t a t i o n  
a c c o r d i n g  t o  t h e  p r e s c r i p t i o n  g i v e n  by Eq. (11 )  and  a p p ly  
t h e  r e s u l t  t o  K1. I t  I s  more c o n v e n i e n t  I n  t h i s  c a s e  
h o w ev er  t o  i n t e g r a t e  d i r e c t l y  I n  Eq. (1 4 8 )  t o  o b t a i n
Hk = ^ taik a k a k “ f k ( g ( t ) a k + S , ( t ) a k ) ] (1 5 0 )
w h ere
* M
- l e f j a j  Z  ( l - i e u k )
£=1
M - £ MA ( £ ) - i e ' f £ a £  Z  ( 1 - I e w k )
£=1
M-l M
( l - i e a » k ) al  1 1A (a )A , ( £ , )> . ( 152)
£=1 £ ’ =£+!
S u b s t i t u t i o n  o f  Eq. (1 5 2 )  I n t o  Eq. (1 4 9 )  y i e l d s
x l i m  l i m  ( a v  E 
M-*-« A(£)+0
£ = 1 , ... y
£) A ( £ ) ] + a.T Z B2pAl  5 1 (A2u+1+?aTT 2 v + l
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i  - l  r— iy - l  2 v ' L 2 J M
n [ B 0 . +  £ C ( £ 0 . , £ ) x ( £ ) ] + o .  E S'
I <1 t V  a 1 ^  V T n  » A
v ' = 1  £ = 1  y = 0  £ - ^ >  £
B 0 , ,  n 
*2U+1 " ' - 1
£2 v ’- l ” 1
( A 2 v  +  3 A d 7 T ) , IT1 I- B 2 v ' - 1 +  /  C ( £ 2  , _ 1 , £ ) A ( £ ) ]2v u '= 1  £=1
[ ^ 1
+ - n  >? Al n n tA2 v + i + a i ( £ P +- , ) 5y=0 2^. 2 +1 V= 2v+ l  v 1 =1
+a . E
n o s. o
J2 y + 1
A2v , “ 1
+ £ c (£ ? . . m U ) ] } ,  (153)
4 = 1
— ltd T
= e x p [ - iu ) T -  \  e ( | a £ i 2+ | a £ | 2- 2 a £ * a £ e  k ) ]  '
u2 y y y M M  y  y
X llm{ov £ £ £' E" £' n C(£~ , £p . ) n A- n EL. T
y = G  m=0 n >n.. n ’ £n>AP J = 1 - j - 1 * A  v = lm j. m J. d V ^  ^
■ M-  1 - 1  i  * ■ • »ni
m- 1  y - l  y - l  M m  y - l  y
*°N E E E* E" E* ^ ^  ^2n , *’2 n , + l^  ^ ^ 2 v + l  ^ B2 v '
W y = 0  m = 0  n >n, n* £ , > £ - „  j = l  2nj  2nj  1  v = 0  2v+V=l 2 v
m 1 m 1 2,1 ^
r M - l -j 1 * 1 , . . . ,  m
2  y  y  y  y m y  y + 1
+ o  £ e £ '  e " £ '  n c( £p  ,  £ p  , )  n a  n b Pvi U]
V o  m=0 n > n  n '  V ^ + i  J = 1 2nJ 2nj  v - 1  2% * 1  2 v ^m ± m i  ^ y + i  ^  ^
M _ 1  1 = 1 , . . . , m
2  y  y  y  y  m y  y
+o , I E £ '  £" £ ’ n C(£„ n A- ... I E . , } ,'•’ r. n . „ „ 2 n i ,  2 n ! + l  n 2 v + l  , v’ »y=0 m=0 n >n, n* j  = l  j*  j  v=0 vf= lm i  m 1 2 m+1 ^  ^
1 = 1 , . . . , m
(154)
Where
a n d
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Aa = - i e E f £ a » * ( l - i e w k ) M“ *« (155)
k  „ )
— ► - i 2 f * a »  e k , ( 1 5 6 )
M+® k °
l - 1
Bo = - i e E f ka k ( 1 - i e  u>k ) “ (1 5 7 )
It
- i u .  ( t  - t ' )
— »• - i E f ' a ’ e k “ d t  , (158)
M+» k “
n o  A - i - l
C ( i a ,i) = -  e S f j p < l - i Eo,k ) a (1 5 9 )
It
* -  EfT, e a d t  d t ,  (1 60 )
M-*-® k k a
M t "  t l  t 2 t B - l
E’ — * J J /  . . .  J  , (1 6 1 )
Jln >HQ M-*-® t '  t*  t '  t ’ 
J- p
a a . a a
E lf =  E E . . .  E
n '  n i = n .  n l = n 0 n ’ =nrr> m 1 1 2  2 m m
( 1 6 2 )
n i / n i '
( i , i ' = l , 2 , . . . ,m)
I n  Eq. ( 1 5 4 ) ,  a l l  o f  t h e  d i f f e r e n t i a t i o n s  w i t h  r e s p e c t  t o  
X and  X’ i n d i c a t e d  i n  Eq.  (1*19) h a v e  b e e n  p e r f o r m e d  and t h e  
r e q u i r e d  l i m i t s  x+0 and  X'-*-0 h a v e  b e e n  t a k e n .  A f t e r  t h e  
l i m i t  M+® i s  t a k e n  and  t h e  r e q u i r e d  t i m e  i n t e g r a l s  a r e  
e v a l u a t e d ,  t h e  c o h e r e n t - s t a t e  e x p r e s s i o n  f o r  t h e  p r o p a g a t o r  
i s  i n  i t s  f i n a l  fo rm :
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V  a » Ctll’ t , )  = exPC -la)T -  I  2 | a ^ | 2+ | a ^ | 2- 2 a » * a ^ e  ^ 1]
" k *
'2y
x {cv  2 2 . . .  2 . H f*
y - 0  k i  ^ ^ = 1 ^
- i iuk T', t y 
* e k 2v m -
y v u
2 2 ’ 2 "
m=0 n„>n ,  n 1
m 
H 6
nf  “ 1 “ m j = l  k 2 n j - l * k 2nj
n a£* e 2» n * 2u(“k >“k >
l v - 1  2v M v t « i  K2 v ' - l J  ^  K1 2
*n I
N
* * ‘ ,wk2y
■2y
. . 2 n f '
k 2y
4HII■^3
- iw . T
-  2V+1
y - l  y - l  y - l
2 2 1 2 "
m=0 n >n. n» m 1 m
m
n 6
• j= l  k 2 n j , k 2nj  + l-
f y - in a ” * 
v=0 2 v + l
* 4
■™ o 2 X * » » Z 
<1J=0 k l  k 2 U+ l
y
n a*
V = 1  2 v f F 2 y (wk 1 ,wk 2 5* * * ,UJk 2y, " T)
2 y+ l  
n f -  
j = i  Kj m
y y y t m -|
Z E’ E" 11 6k fc,=0 n >n1 n '  ^  = 1 K 2n,-ir2n'> m 1 m J J * J
y
x I II a "*  e 
lv = l  2 v
*ni
+ a 2 2 . . .  2
'I r y + i  \
n a /  J ^ P u + l ^ k  ,U)kM v »=i k2 v 1 - 1 '  K1 2 2 y + l
/ n .
2y + l  -j y y y
n f , f, 2 2 ’ 2"
m
n 6,
y=0 k 1 " ' k 2 y + 1 ^  = l  k jJm»0 nm>n1 n ^ i j * l  k 2nj »k 2 n j + l )
y
II a "*  e 
W-O 2v+ l
- i u  T 
2v+ l
n  aJL n P u + l ^ k  , t l Jk  > * ■ * » u k  *^ ’ =1 k 2 v , j  1 K1 2 2y+l
* n i
1 (163)
where
t "  - i u ) 1 ( t  - t ' )
P y i (  Wl  >d ) p  » • * * »(Or j T )  = ( 1 )  /  er Vwl ,w2 
t
x I
d t .
t r » l  ( - l ) r iw  
d t ~ . .  . J e d t  ,
2 b  r
(164)
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and where i = l,...,m wherever ni and n£ occur. The
function F^ has been evaluated in Appendix B as
y00 n-r n-r r [(-l)0^ ]  a ^
F (m ,...,w ,T) = Z (IT) Z ...Z n — -------
Y l- 0 v r =o a = i  [ E ( Y + 1 ) ] Y  y
r  £=a
Z y . =n-r (1 6 5 )
i-1
and p o s s e s s e s  t h e  u s e f u l  p r o p e r t y
F p (— Wg,  • • • , —top,T) = ( — 1) »• • • » ,  —T ) ( 1 6 6 )
which has been used in obtaining Eq. ( 1 6 3 ) .
The o c c u p a t i o n - n u m b e r  r e p r e s e n t a t i o n  o f  t h e  p r o p a g a t o r  
f o r  t h e  s i m p l i f i e d  Lee M o d e l ,  t h e  p r i m a r y  o b j e c t i v e  o f  t h i s  
c h a p t e r ,  c an  be o b t a i n e d  f ro m  t h e  c o h e r e n t - s t a t e  e x p r e s s i o n ,  
g i v e n  by Eq. ( 1 6 3 ) ,  by t h e  p r o c e d u r e  i n d i c a t e d  i n  Eq. ( 1 1 ) ,  
w h ic h  i n  t h e  p r e s e n t  c o n t e x t  r e a d s
Kn„ N ,(t",t»)-* // <N" | a") K „ t(t\t')<a'|N')dBa"dBa',
w a »a (167)
where each of the indices N* and N" denotes a set of 
(integer) values, specifying the number of 0 particles
with each possible momentum value, k. This requires the 
evaluation of integrals of the form
4o
S h
3 p - i u .  T
, " 1 ^  I ~ t I t o K JsJtt Ijt
- K l  - 1akI +ak , a k e ■ag  k a^«  k a J * a a £ Bd Ba J d Ba £
i/R JT  /5JJT
,___  - i ( N " - o t ) w .T
= J0£\  yNJ!. e * *
( N g - a ) !
N " - a , N ^ - 6 , (1 6 8 )
which  i s  e x h i b i t e d  i n  A p pend ix  C. S u b s t i t u t i o n  o f  E q s .  
(163)  a n d  (130)  i n t o  Eq. ( 1 6 7 ) ,  w i t h  a p p l i c a t i o n  o f  Eq.  
y i e l d s  t h e  p r o p a g a t o r  i n  i t s  o c c u p a t i o n - n u m b e r  
r e p r e s e n t a t i o n :
( 168)
- iu iT - i2N !> ,  T 
k
X  { O y [  2  S . . . 2
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t1*0 k l  k 2y+ l
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J = 1 J
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1" ' °  n m>nl  ^ j ' 1 ’ 2nj  J
y y y r m
x 2 S ' Z"
, T ) D ' ] + a , [  S S . . . 2
u=0 k 0 , _H 1 2 y + l
2 y + l
•n i f i ,0 =  1
m=0 n >n„ n ' m l  m
^ 5k k ^ ^*=1 * 2 n j ,JlC2 n j + l  -1
ji _ i  j j i  ]
v=0 2v+ l  wk-  ± »XV  .j
tn± 2 v + l L2v+1
* >Nk - i K + i (l\
j  V 2 v 1 2 v ' •*•7*n,
,{Dk 2 y+ l
(169)
where
A 6N" , N '
2 n . 2 n .
J j
’ A' '  6N" , n ;
2nj  - ' j> k 2 n '
and
D =
6wk > N k  ’ D ' = n
1 = 1 , . . . ,2y
k!iKi
1=1 , .
SNk - Nk
• »2y + l
(170)
(171)
( 4 . 3 )  A p p l i c a t i o n  t o  t h e  N + 6 S e c t o r
I n  t h e  l i t e r a t u r e  c o n c e r n i n g  t h e  Lee M odel ,  t h e  c a s e
f o r  w h ich  = 1 ( s e e  E q s .  (1 2 1 )  and ( 1 2 2 ) ) ,  commonly
c a l l e d  t h e  "N + 0 s e c t o r " ,  h a s  r e c e i v e d  c o n s i d e r a b l e  
0
a t t e n t i o n .  As s t a t e d  e a r l i e r ,  t h i s  i s  t h e  o n ly  c a s e  which  
c a n  be t r e a t e d  w i t h  any m a t h e m a t i c a l  e a s e .  The p r o p a g a t o r  
f o r  t h i s  c a s e ,  o b t a i n e d  f rom Eq. (1 6 9 )  w i t h  s u b s t i t u t i o n  o f  
Eq. (165)  and u se  o f  Eq.  ( B9) i n  A ppend ix  B, i s
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, N 1 1  ^ ~ e
x <<r 1 1+ Z 
n=2
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y
x n 
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x Z Z . . .  Z ( - 1 )  y n
r = o  Iy+1W=0 Y1=0 YllXn=0
y l y + 1 f 2 V  z U 1 n Z f ^ r n  0
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(1 7 2 )
where  t h e  Nk ' s  s a t i s f y  t h e  c o n d i t i o n s
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E N' i  1 ,  E N" < 1 
k k K
(173)
I n  a c c o r d a n c e  w i t h  t h e  c o n d i t i o n  Q2 = 1.
Of p a r t i c u l a r  i n t e r e s t  i s  t h e  m a t r i x  e l e m e n t ,  Ky+y ( T ) , 
r e p r e s e n t i n g  t h e  p r o b a b i l i t y  a m p l i t u d e  f o r  f i n d i n g  e x a c t l y  
one V p a r t i c l e  ( i . e . ,  a  " b a r e "  V p a r t i c l e  w i t h  no 0 
p a r t i c l e s  p r e s e n t )  a t  a  g i v e n  t i m e  T a f t e r  t h e  s y s t e m  was 
i n i t i a l i z e d  t o  p o s s e s s  e x a c t l y  one V p a r t i c l e .  The a b s o l u t e  
s q u a r e  o f  Ky^yfT) i s  c a l l e d  t h e  ( t i m e  d e p e n d e n t )  s u r v i v a l  
p r o b a b i l i t y  o f  a  ( b a r e )  V p a r t i c l e .  The e x p r e s s i o n  f o r  
Kv->y (T )  g i v e n  by the. c o e f f i c i e n t  o f  Oy i n  Eq. (1 7 2 )  i s
I n  o r d e r  t o  o b t a i n  a n  i n d e p e n d e n t  c h e c k  on t h e  v a l i d i t y  
o f  Eq.  ( 1 7 4 ) ,  t h e  f u n c t i o n  Ky^y(T) may a l s o  b e  e x p r e s s e d  f o r  
c o m p a r i s o n  a s
Ky^y(T) -  e “ lajT{ l+  £
n= 2
CO
(174)u
E a . =n-2p
i = i  1
- iTH
t W T > = <v l e lv > (175)
( 1 7 6 )
e (177)
where
H 1  =  ( H -  1 i u ) / f i ( 1 7 8 )
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w h ere  H i s  g i v e n  by Eq. ( 1 2 6 ) ,  and  w he re
! v > , { | N 5ek >} (179)
form  a c o m p l e t e  o r t h o n o r m a l  s e t  o f  s t a t e s  f o r  t h e  N + 0 
s e c t o r .  H ere  | v )  d e n o t e s  t h e  s t a t e  w i t h  o n l y  one V p a r t i c l e  
and  |N ,0 k> d e n o t e s  a s t a t e  w i t h  one N p a r t i c l e  and w i t h  one
A
0 p a r t i c l e  o f  momentum k .  The r e s u l t s  o f  t h e  o p e r a t o r ,  H^, 
a c t i n g  on t h e  s t a t e s  |V> and  | N , 0 k > a r e
( 1 8 0 )
and
Hi i v > '  - E f k i N>ek )It
H1 |N,8 k) = - r &|v> + uk|N.ek>- ( 181)
When Hj o p e r a t e s  on t h e  V - s t a t e  n t i m e s  t h e  r e s u l t  i s
n - 2  A_ 0 „
H ? }V) = Z <V|H?~2"* |V >
£=0  1
- f l 2 1 
l F k  Wk (V>
n 1
-  Z ( V l H ^ - ^ I V )  i f £ < \ | N , e k> ,
£*■ 0
( 1 8 2 )
w hich  i m p l i e s  t h a t
n - 2
<V|H?|V> = Z (V | H1? | V)
£=0 L
Z f ' 2« Jk k (183)
The p r o o f  o f  Eq.  (1 8 2 )  i s  an  i n d u c t i v e  one i n  which  i s  
a p p l i e d  t o  Eq. ( 1 8 2 ) ,  w i t h  s u b s t i t u t i o n  o f  Eq.  ( 1 8 3 ) ,  t o  
y i e l d
n l
H1?+ 1 |v >  = -< V |H ? |V >Z f  * |N ,e .  >+ z (v | h3?- 1 " ji | v ) [ z f * 2^ ]  |v >
1 k £=0 (k J
n - 1 i n - l - £ ,
1 <VlHl ~ 'L~*1v > l f k“ k + 1 | N , e k )
£=0 k
(184)
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n - 1  * _ „
= E (v Ih" - 1  | v >
JL= 0  x
Zf «2( /  k k k |V>- I  |N ,0  >.£ ’ =0 x k  K K K
(185)
S i n c e  Eq. ( 185 ) I s  o f  t h e  same fo rm  a s  Eq. (182)  w h ic h  
c o r r e c t l y  p r e d i c t s
Hj |V> = Z f , 2k |v> -  e f£«k |N,ek > ,k
( 186 )
t h e  p r o o f  o f  Eq, (1 82 )*  and  t h e r e f o r e  Eq. (18 3 )  i s  c o m p l e t e .
E q u a t i o n  (183)  c a n  be u s e d  t o  p r o v e  t h a t
- n T- 2 y  n ' - 2 y  y 
<V|lfJ |V> = Z Z . . .  z n
y = l  a 1=0 ° y =0 V=1
P
Z = n ' -  2 y
1=1
9 a
E f i  “kk
(187)
I s  t r u e  f o r  n 1 £ 2 ,  w h ich  w i l l  v e r i f y  t h a t  Eqa.  (1 7 ^ )  and 
(177)  a r e  e q u i v q l e n t .  The p r o o f  i s  a g a i n  i n d u c t i v e  w i t h  
s u b s t i t u t i o n  o f  Eq. ( 1 8 7 ) i n t o  Eq. ( 1 8 5 ) f o r  n '  < n ~ 2
<V|h" |V >  = Z f £ 2wk - 2
k
r n - 2 - £ t
n - 4  2 J n - £ - 2 ( y+1) n - £ - 2 ( y + l )
+ Z E Z . . . Z
£=0 y = l  0-^=0 a =0U
Z a . = n - £ - 2 ( y + 1 ) 
1=1
- p . 2  £
k k ^k
x jjjg. fk-“k-
= r f . 2 „ n - 2 .  V  n f v '  n - l - 2 v
? k ir * •
k  p ' = 2  £=o o 2=o
P*
£+■ Z a = n - 2 y '
1=2
( 1 8 8 )
" ^ “ y ' .  2  £% P T o  ° v l
v £o
(189)
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where  y ' = y + X a n d  t h e  sum m at ions  o v e r  A and  y ' have  b e e n  
i n t e r c h a n g e d .  B e c a u se  o f  t h e  c o n d i t i o n
P '
I + 2 o, = n -  2 y ' ,  (1 9 0 )
1=2  1
Eq. (18 9 )  may be  r e w r i t t e n  as
w here  I h a s  b e e n  r e l a b e l e d  o ^ .  E q u a t i o n  (191)  c o n f i r m s  t h a t  
Eq.  (1 8 7 )  h o l d s  f o r  n* = n i f  i t  h o l d s  f o r  n '  £ n -  2, I n  
v iew o f  E q s .  ( 1 8 0 ) ,  ( 1 8 1 ) ,  and  ( 1 8 6 ) ,  i t  i s  e a s y  t o  s e e  t h a t  
Eq. (1 8 7 )  h o l d s  f o r  n 1 = 2 , 3 ,  and  t h e r e f o r e  f o r  a l l  n ’ > 2 .  
The e q u i v a l e n c e  o f  E q s .  (174)  and  ( 1 7 7 ) ,  t h u s  e s t a b l i s h e d ,  
d e m o n s t r a t e s  t h a t  t h e  p r o p a g a t o r  f o r  t h e  Lee Model  d e r i v e d  
g e n e r a l l y  i n  S e c t i o n  ( 4 . 2 )  r e d u c e s  t o  t h e  c o r r e c t  p r o b a b i l i t y  
a m p l i t u d e  f o r  t h e  s u r v i v a l  o f  t h e  ( b a r e )  V - p a r t i c l e  i n  t h e  
N + 0 s e c t o r .
[Hi
L2 J n - 2 y 1 n - 2 y ' y 1
I  I . . .  X n
y ' =1 cr,=0 a t =0 v = l  iV 
x . PI H
V
I  a . = n - 2 y '  
i = l  1
(1 9 1 )
CHAPTER 5 
CONCLUSION
( 5 . 1 )  Summary o f  R e s u l t s
The s p a c e - t i m e  p r o p a g a t o r  KCq11 , t "  ; q '  , t  ’ ) f o r  a  g i v e n  
s y s t e m ,  d e f i n e d  by Eq. ( 3 ) ,  r e p r e s e n t s  t h e  p r o b a b i l i t y  
d e n s i t y  a m p l i t u d e  f o r  t r a n s i t i o n  o f  t h e  s y s te m  f rom  a  g i v e n  
i n i t i a l  c o n f i g u r a t i o n ,  q ' ,  a t  an I n i t i a l  t i m e ,  t ' ,  t o  a  
g i v e n  f i n a l  c o n f i g u r a t i o n ,  q " , a t  a  f i n a l  t i m e ,  t " .
E q u a t i o n  (2 7 )  i s  an e x a c t  p h a s e - s p a c e  p a t h - i n t e g r a l  e x p r e s ­
s i o n  f o r  K ( q " , t " j q 1 , t ' )  f o r  s y s t e m s ,  c a l l e d  " q u a d r a t i c  
s y s t e m s " ,  whose H a m i l t o n i a n s  h a v e  t h e  form s p e c i f i e d  by 
Eq. ( 1 ) .  T h i s  p a t h  I n t e g r a l  h a s  b e e n  p e r f o r m e d  e x a c t l y  t o  
y i e l d  t h e  r e s u l t  t h a t  K ( q " , t " ; q ’ , t ' )  = F ( t " - t ' )  x 
e x p ( i S  ( q " , t " ; q F, t ’ ) / f i ) , w here  S ( q " , t " ; q ’ , t *) i s  t h e
C C
c l a s s i c a l  a c t i o n  f u n c t i o n  c o n n e c t i n g  t h e  i n i t i a l  and  f i n a l  
s p a c e - t i m e  p o i n t s  ( q F, t F) a n d  ( q " , t " ) ,  and  w here  F ( t " - t ' )  
i s  i n d e p e n d e n t  o f  q 1 and q" and  I s  g i v e n  e x p l i c i t l y  and I n  
d e t a i l  by E q s .  ( 8 1 ) —{88) a s  a  f u n c t i o n  o f  ( t " - t ' )  and  t h e  
c o e f f i c i e n t s  o c c u r r i n g  i n  o n l y  t h e  q u a d r a t i c  p a r t  o f  t h e  
H a m i l t o n i a n  o f  t h e  s y s t e m .  Under  t h e  f r e q u e n t l y  e n c o u n t e r e d  
s p e c i a l  c o n d i t i o n s  s t a t e d  I n  t h e  s e n t e n c e  c o n t a i n i n g  
Eq. ( 8 9 ) ,  t h e  i n f i n i t e  sums and  p r o d u c t s  c o n t a i n e d  i n  t h e  
e x p r e s s i o n  f o r  F may be  e v a l u a t e d  and t h e  r e s u l t  f o r  F 
s i m p l i f i e d  t o  t h e  c l o s e d  fo rm  g i v e n  by E qs .  (102)  and  ( 1 0 3 ) .
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An exam ple  a p p l i c a t i o n  -  one t h a t  h a s  a t t r a c t e d  w ide  
i n t e r e s t  d u r i n g  t h e  l a s t  two d e c a d e s  -  i s  t h e  Lee Model 
d i s c u s s e d  i n  C h a p te r  4. The Lee Model d e s c r i b e s  i n t e r ­
a c t i o n s  b e tw e e n  a B o so n ic  f i e l d  o f  ( l i g h t )  p a r t i c l e s ,  c a l l e d  
0 p a r t i c l e s ,  and  a F e r m i o n i c  f i e l d  o f  ( h e a v y )  p a r t i c l e s  w i t h  
two i s o t o p i c  s t a t e s ,  t h e  V s t a t e  a n d  t h e  N s t a t e .  The Lee 
Model  i s  a  s i m p l i s t i c  s i m u l a t i o n  o f  t h e  i n t e r a c t i o n  o f  
n u c l e o n s  w i t h  mesons .  The c o m p le t e  p r o p a g a t o r  i n  t h e  
o c c u p a t i o n  number r e p r e s e n t a t i o n  f o r  t h e  o n e - h e a v y - p a r t i c l e  
Lee Model h a s  b e en  o b t a i n e d  e x a c t l y  (Eq.  ( 1 6 9 ) )  and  h a s  b e en  
shown, by means o f  an i n d e p e n d e n t  v a l i d i t y  c h e c k ,  t o  
c o r r e c t l y  p r e d i c t  t h e  t i m e - d e p e n d e n t  s u r v i v a l  p r o b a b i l i t y  
(Eq .  ( 1 7 4 ) )  o f  t h e  u n s t a b l e  V s t a t e  o f  t h e  heavy  p a r t i c l e  
w i t h  no B osons  p r e s e n t .
( 5 . 2 )  D i s c u s s i o n  o f  R e s u l t s  
The p r i m a r y  s i g n i f i c a n c e  o f  t h e  p r e s e n t  work i s  t h a t  i t  
p r o v i d e s  a  u n i f i e d ,  e x a c t ,  c o m p le t e  t r e a t m e n t  o f  t h e  quantum  
d y nam ics  o f  a f a i r l y  b r o a d  c l a s s  o f  p h y s i c a l  s y s t e m s  w i t h  
a r b i t r a r i l y  many d e g r e e s  o f  f r e e d o m .  As d i s c u s s e d  i n  
S e c t i o n  ( 1 . 1 ) ,  t h e  r e s u l t s  o b t a i n e d  f o r  su c h  s y s t e m s  may be  
u s e f u l  i n  t h e  quantum a n a l y s i s  o f  any s y s te m  whose H am il ­
t o n i a n  i s  e x p r e s s i b l e  ( e x a c t l y  o r  a p p r o x i m a t e l y )  i n  su c h  a 
fo rm  t h a t  Eq.  (1 )  d e s c r i b e s  t h e  d e p e n d e n c e  o f  t h e  H am il ­
t o n i a n  upon  some o r  a l l  o f  t h e  s y s t e m ' s  c o o r d i n a t e s  and  
t h e i r  c o n j u g a t e  momenta. The a n a l y s i s  o f  t h e  Lee Model i n
C h a p te r  4 p r o v i d e s  an e x a m p le ,  n o n - s i m p l e  a p p l i c a t i o n .  The 
r e s u l t  o b t a i n e d  f o r  t h e  Lee Model i s  s i g n i f i c a n t  a p a r t  f rom 
i t s  i l l u s t r a t i v e  v a l u e  b e c a u s e  i t  p r o v i d e s ,  f o r  t h e  f i r s t
g
t i m e ,  a c o m p le te  e x a c t  s o l u t i o n  f o r  t h e  t im e  e v o l u t i o n  o f  
t h e  o n e - h e a v y - p a r t i c l e  Lee-M odel  s y s te m  v a l i d  i n  a l l  s e c ­
t o r s .  The g e n e r a l  e x p r e s s i o n  o b t a i n e d  f o r  t h e  Lee Model,  
u n f o r t u n a t e l y ,  i s  c o m p l i c a t e d  ( a l t h o u g h  c o m p l e t e l y  e x p l i c i t ) .  
T h is  e x p r e s s i o n  r e a d i l y  s i m p l i f i e s  g r e a t l y  f o r  s e c t o r s  
sp an ned  by s t a t e s  c o n t a i n i n g  e i t h e r  t h e  N p a r t i c l e  and 
n 6 p a r t i c l e s  o r  t h e  V p a r t i c l e  and ( n - 1 )  0 p a r t i c l e s ,  
p r o v i d e d  n i s  s m a l l  -  t h e  s m a l l e r  n ,  t h e  g r e a t e r  t h e  
s i m p l i f i c a t i o n .  T h i s  s i m p l i f i c a t i o n  i s  i l l u s t r a t e d  i n  t h e  
c a s e  o f  t h e  s i m p l e s t ,  n o n - t r i v i a l  s e c t o r  f o r  which  n = 1.
To f u r t h e r  c l a r i f y  t h e  s i g n i f i c a n c e  o f  t h e  p r e s e n t  
work ,  some c o m p a r i s o n s  o f  i t  w i t h  o t h e r  c l o s e l y  r e l a t e d  
p u b l i c a t i o n s  may be h e l p f u l  and w i l l  be g i v e n  i n  t h e  r e m a in ­
d e r  o f  t h i s  s e c t i o n .  F i r s t l y  t h e  t r e a t m e n t  o f  q u a d r a t i c  
H a m i l t o n i a n  s y s te m s  w i l l  be  compared w i t h  two o t h e r  p a t h -  
i n t e g r a l  i n v e s t i g a t i o n s  i n  each  o f  which  t h e  p r o p a g a t o r s  
a r e  s o u g h t  f o r  s y s t e m s  which  a r e  q u a d r a t i c  i n  a more g e n e r a l  
s e n s e  t h a n  d e f i n e d  by Eq. ( 1 ) .
One o f  t h e s e  i n v e s t i g a t i o n s  i n  F e y n m a n ' s ^  d e r i v a t i o n  
o f  t h e  form f o r  t h e  p r o p a g a t o r  f o r  sy s te m s  w i th  one 
c o o r d i n a t e ,  y ,  and w i t h  a q u a d r a t i c  a c t i o n  o f  t h e  form
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S ( y ( t ) ) = i  /  y ( t )  /  A ( t , s )  y ( s )  ds  d t  
^ t '  t '
t "
+ /  B ( t )  y ( t )  d t ,  (192)
t '
where  A ( t , s )  and  B ( t )  a r e  I n d e p e n d e n t  o f  p a t h ,  y ( t ) .  H is  
r e s u l t  f o r  t h e  p r o p a g a t o r  I s  t h e  same a s  t h e  fo rm  o f  Eq. (80) 
where  t h e  f a c t o r  F i s  i n d e p e n d e n t  o f  q ' ,  q ir, and  B and  i s  
t o  be  d e t e r m i n e d  a p a r t  f rom  a f a c t o r  I n d e p e n d e n t  o f  A by 
t h e  f u n c t i o n a l  d i f f e r e n t i a l  e q u a t i o n
5 F / 6 A ( t , s )  * -  \  N ( t , s ) F ,  (193)
where  N ( t , s )  i s  t h e  r e c i p r o c a l  k e r n e l  t o  A ( t , s )  S u b j e c t  t o
a p p r o p r i a t e  b o u n d a ry  c o n d i t i o n s .  F o r  some c a s e s  t h i s
e q u a t i o n  may be s o l v e d  easi ly. '* ' '* '  E q u a t i o n s  (1 9 2 )  and  (193)
may be g e n e r a l i z e d  r e a d i l y  t o  t h e  c a s e  o f  many d e g r e e s  o f
f r e e d o m ,  b u t  t h e  f u n c t i o n a l  d i f f e r e n t i a l  e q u a t i o n  r e m a i n s
t o  be s o l v e d  f o r  F i n  t h e  g e n e r a l . c a s e . The p r e s e n t  work
may be v iew ed  as  p r o v i d i n g  t h e  r e q u i r e d  s o l u t i o n  f o r  F i n  a
c e r t a i n  s p e c i a l  c a s e  ( o f  f a i r l y  b r o a d  i n t e r e s t )  f o r  which
t h e  k e r n e l  A i s  a  s u p e r p o s i t i o n  o f  6 - f u n c t i o n s  arid
12d e r i v a t i v e s  o f  6 - f u n c t i o n s .
The o t h e r  p a t h - i n t e g r a l  I n v e s t i g a t i o n  o f  more g e n e r a l
13q u a d r a t i c  s y s t e m s  i s  t h e  t r e a t m e n t  by DeWltt  o f  a  s y s te m
whose L a g r a n g i a n  h a s  t h e  fo rm
|  Gj k tq > t ) 4 j 4 k + a j ( q , t ) 4 j - v ( q , t ) . (19 4 )
T h i s  L a g r a n g i a n  may be i n t e r p r e t e d  a s  d e s c r i b i n g  t h e  m o t io n  
o f  a  p a r t i c l e  m oving  i n  a c u r v e d  m u l t i - d i m e n s i o n a l  s p a c e .
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DeWitt  u s e s  p a t h - i n t e g r a l  m e th o d s  t o  d e r i v e  an  e x p r e s s i o n  
f o r  t h e  i n f i n i t e s i m a l  p r o p a g a t o r  w h ich  r e m a i n s  t o  b e  
i t e r a t e d  t o  o b t a i n  t h e  p r o p a g a t o r  c o n n e c t i n g  f i n i t e l y  
s e p a r a t e d  s p a c e - t i m e  p o i n t s .  E q u a t i o n s  ( 8 0 ) - ( 8 8 )  g i v e  t h e  
r e s u l t  o f  s u c h  an i t e r a t i o n  f o r  t h e  s p e c i a l  c a s e  f o r  which  
t h e  s p a c e  i s  f l a t  ( i . e .  G.,_ i s  c o n s t a n t ) ,  and  a .  a n d  v a r ej k j
o f  t h e  fo rm s
a j ( q , t )  = Qj k  qk + d j ( t )  (195)
and
v ( q , t )  = gJ k  qJ q k + p.. ( t ) q ^  + f ( t )  (196)
r e s p e c t i v e l y .  The m os t  i n t e r e s t i n g  a s p e c t s  and 
14a p p l i c a t i o n s  o f  D e W i t t ' s  p a p e r ,  h o w e v e r ,  l i e  o u t s i d e  o f
t h e  r a n g e  o f  t h i s  s p e c i a l  c a s e .
The s e c o n d  a s p e c t  o f  t h e  p r e s e n t  p a p e r  w h ich  m ust  be
v iew ed  i n  p e r s p e c t i v e  r e l a t i v e  t o  o t h e r  p u b l i s h e d  work i s
t h e  t r e a t m e n t  o f  t h e  Lee M ode l .  Of t h e  many p a p e r s  spawned
by t h e  Lee Model i n  i t s  t w e n t y  y e a r  h i s t o r y ,  a  s u b s t a n t i a l
p o r t i o n  h a v e  d e a l t  w i t h  r e n o r m a l i z a t i o n  c o n s i d e r a t i o n s
r e g a r d i n g  t h e  m o d e l .  These  t r e a t m e n t s  h a v e  no d i r e c t
b e a r i n g  on t h e  p r e s e n t  p a p e r  i n  which  r e n o r m a l i z a t i o n  has
b e e n  i g n o r e d  u n d e r  t h e  a s s u m p t i o n  t h a t  t h e  c u t - o f f  f u n c t i o n
f(oik ) can  be  c h o s e n  s u i t a b l y  t o  p r e v e n t  t h e  d i v e r g e n c e  o f
any i n t e g r a l s  o v e r  k - s p a c e .  A number  o f  p u b l i c a t i o n s  have
ISs t u d i e d  t h e  s p e c t r a l  p r o p e r t i e s  o f  t h e  Lee M odel ,  some­
t i m e s  f o c u s i n g  a t t e n t i o n  on e i g e n v a l u e s  i n  s p e c i f i c ,
16m i n i m a l l y - c o m p l i c a t e d  s e c t o r s .  The r e l a t i o n s h i p  b e tw e e n
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t h e  p r o p a g a t o r  and t h e  e n e r g y  e i g e n s p e c t r u m  i s  s t a t e d  i n  
Eq. (12)  f o l l o w e d  by a p r e s c r i p t i o n  (E q .  ( 1 8 ) )  f o r  o b t a i n i n g  
t h e  g r o u n d - s t a t e  e n e r g y .  O t h e r  p a p e r s  h a v e  b e en  p r i m a r i l y  
i n t e r e s t e d  i n  s c a t t e r i n g  p r o c e s s e s  i n  t h e  Lee M o d e l ,  c o n ce n ­
t r a t i n g  on t h e  S - m a t r i x  ( t h e  l i m i t  o f  t h e  p r o p a g a t o r  as  
T = ( t "—t r ) -»■ ” ) f o r  s p e c i f i e d  s e c t o r s .
The o n l y  p a p e r  on t h e  Lee Model w h ic h  h as  a  c l o s e
-i O
r e l a t i o n  t o  t h e  p r e s e n t  w o rk  i s  one by F r i e d .  He o b t a i n s  
an  e x p l i c i t ,  t h o u g h  f o r m a l ,  f u n c t i o n a l  e x p r e s s i o n  f o r  t h e  
p r o p a g a t o r  o f  t h e  Lee M o d e l ,  s t a r t i n g  f ro m  a more g e n e r a l  
r e l a t i v i s t l c  t h e o r y .  The p r o p a g a t o r  o b t a i n e d  i n  S e c t i o n  
( ^ . 2 )  o f  t h e  p r e s e n t  p a p e r  i s  more d e t a i l e d ,  h o w e v e r ,  
l e a v i n g  o n l y  sums and p r o d u c t s  t o  be e v a l u a t e d .
(5*3) Suggestions for Future Research
As l o n g  a s  t h e  m inds  o f  men r e m a in  a c t i v e ,  any newly 
a c q u i r e d  k n o w le d g e  w i l l  become a u s e f u l  t o o l  i n  t h e  q u e s t  
f o r  a d d i t i o n a l  i n f o r m a t i o n ,  e v en  t o  t h e  p o i n t  o f  a n s w e r i n g  
q u e s t i o n s  w h ic h  had n o t  b e e n  c o n c e iv e d  p r e v i o u s l y .  I n  f a c t  
t h e  p r e s e n t  r e s e a r c h  d i r e c t e d  to w a rd  t h e  e v a l u a t i o n  o f  t h e  
p r o p a g a t o r  f o r  q u a d r a t i c  s y s t e m s  was m o t i v a t e d ,  a t  l e a s t  i n  
p a r t ,  by t h e  n e e d  f o r  s u c h  a  p r o p a g a t o r  a s  a  t o o l  i n  an 
a t t e m p t  t o  c a l c u l a t e  t h e  g r o u n d - s t a t e  e n e r g y  o f  l i q u i d  
h e l i u m .  The H a m i l t o n i a n  c h a r a c t e r i z i n g  t h e  l i q u i d  h e l i u m  
s y s t e m ,  e x p re ssed  i n  t e rm s  o f  B oson ic  f i e l d  o p e r a t o r s ,  I s  
q u a r t i c  b u t  can  be a p p r o x i m a t e d  q u a d r a t i c a l l y . As n o t e d  
i n  S e c t i o n  ( 1 . 1 ) ,  t h e  p r o p a g a t o r  o b t a i n e d  from a  q u a d r a t i c
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a p p r o x i m a t e  H a m i l t o n i a n  w ou ld  be  u s e f u l  t o  a p p r o x i m a t e  t h e
g r o u n d - s t a t e  e n e r g y  by a Feynman v a r i a t i o n a l  c a l c u l a t i o n  i n
which  t h e  c o e f f i c i e n t s  o f  t h e  q u a d r a t i c  a p p r o x i m a t e
H a m i l t o n i a n  would be v a r i a t i o n a l  p a r a m e t e r s  t o  b e  d e t e r m i n e d
by t h e  v a r i a t i o n a l  m ethod .
Two e x t e n s i o n s  o f  t h e  Lee Model w h ich  have  b e e n
d i s c u s s e d  i n  r e c e n t  p u b l i c a t i o n s  a p p e a r  t o  be a p p r o a c h a b l e
u s i n g  t h e  t r e a t m e n t  o f  t h e  Lee  Model i n  C h a p t e r  4 a s  a
Ids p r i n g b o a r d .  The B r o n z a n - L e e  Model J a d d s  t o  t h e  Lee Model  
a  t h i r d  F e r m lo n i c  f i e l d  o f  ( h e a v y )  p a r t i c l e s ,  c a l l e d  "U- 
p a r t i c l e s " , and t h e  a d d i t i o n a l  r e a c t i o n ,  U ++ V + 0 .  Con­
s i d e r a t i o n  o f  t h e  U - p a r t i c l e  a s  a  t h i r d  i s o t o p i c  s t a t e  o f  
t h e  h e a v y  p a r t i c l e  c o n s i d e r e d  i n  t h e  p r e s e n t  t r e a t m e n t  o f  
t h e  Lee Model s u g g e s t s  a  r e a s o n a b l e  e x t e n s i o n  o f  t h e  p r e s e n t
work t o  o b t a i n  a s i m i l a r  t r e a t m e n t  o f  t h e  B r o n z a n - L e e  Model .
20The N o n l i n e a r  Lee Model u s e s  a  H a m i l t o n i a n  o f  t h e  fo rm
H = Hq + f C H j ) ,  (1 9 7 )
where  Hq i s  t h e  f r e e  p a r t i c l e  H a m i l t o n i a n ,  H^ i s  t h e  u s u a l  
Lee Model i n t e r a c t i o n  t e r m ,  a n d  f ( x )  i s  a  l a r g e l y  a r b i t r a r y  
r e a l  f u n c t i o n .  F o r  some n o n l i n e a r  c h o i c e s  o f  f ( x ) ,  t h e  
p r o p a g a t o r  f o r  t h e  model c o u l d  be a t  l e a s t  a p p r o x i m a t e d  
u s i n g  t h e  r e s u l t s  o f  S e c t i o n  ( 4 . 2 )  a s  a  s t a r t i n g  p o i n t .
An i n t e r e s t i n g  p o s s i b l e  e x t e n s i o n  o f  t h e  p r e s e n t  
e v a l u a t i o n  o f  t h e  p r o p a g a t o r  f o r  q u a d r a t i c  H a m i l t o n i a n  
s y s te m s  would be  t h e  e v a l u a t i o n  o f  t h e  p r o p a g a t o r  f o r  a 
sy s te m  o f  i n d i s t i n g u i s h a b l e  F e rm io n s  whose H a m i l t o n i a n  i s
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q u a d r a t i c  i n  t h e  c r e a t i o n  a n d  d e s t r u c t i o n  o p e r a t o r s  f o r  
F e r m io n s  i n  s p e c i f i e d  s i n g l e  p a r t i c l e  s t a t e s .  S u ch  sy s te m s  
o f  F e rm io n s  a r e  v e r y  s i m i l a r  t o  t h e  q u a d r a t i c  s y s t e m s  
c o n s i d e r e d  i n  t h i s  work i n  t h e  r e s p e c t  t h a t  Eq. ( 1 )  g i v e s  
t h e  H a m i l t o n i a n  f o r  a s y s te m  o f  i n d i s t i n g u i s h a b l e  B o son s  i f  
t h e  c o o r d i n a t e s  and  momenta i n  Eq. ( 1 )  a r e  r e g a r d e d  a s  
f i e l d - o s c i l l a t o r  c o o r d i n a t e s  a nd  momenta e x p r e s s e d  i n  te rm s  
o f  t h e  c o r r e s p o n d i n g  Boson c r e a t i o n  and  d e s t r u c t i o n  o p e r ­
a t o r s .  The H a m i l t o n i a n s  f o r  b o t h  t h e  Boson s y s t e m  a n d  t h e  
P e rm io n  s y s te m  a r e  t h e  same when e x p r e s s e d  i n  t e r m s  o f  
c r e a t i o n  and d e s t r u c t i o n  o p e r a t o r s .  The d i s t i n c t i o n  b e tw ee n  
t h e  Boson s y s t e m  a n d  t h e  P e rm io n  s y s te m  i s  o n ly  t h a t  t h e  
c o m m u ta t io n  r u l e s  f o r  Boson c r e a t i o n  a nd  d e s t r u c t i o n  
o p e r a t o r s  a r e  r e p l a c e d  by a n t i - c o m m u t a t i o n  r u l e s  f o r  t h e  
P e rm io n  c a s e .  The p a t h - i n t e g r a l  e x p r e s s i o n  t o  be  e v a l u a t e d  
f o r  t h e  p r o p a g a t o r  i n  t h e  c o h e r e n t - s t a t e  r e p r e s e n t a t i o n  i n  
t h e  P e r m io n  c a s e  i s  e x a c t l y  t h e  same a s  f o r  t h e  b o s o n  c a se  
e x c e p t  t h a t  t h e  c l a s s  o f  p h a s e - s p a c e  p a t h s  t o  be i n t e g r a t e d  
o v e r  a r e  u n r e s t r i c t e d  i n  t h e  Boson c a s e ,  b u t ,  i n  t h e  
P e rm io n  c a s e ,  a r e  r e s t r i c t e d  t o  t h e  i n t e r i o r  o f  t h e  u n i t
c i r c l e  o f  t h e  com plex  p h a s e - s p a c e  p l a n e  f o r  e v e r y
q
s i n g l e - p a r t i c l e  s t a t e .
As a  f i n a l  s u g g e s t i o n  f o r  f u r t h e r  r e s e a r c h ,  i t  seems 
t h a t  a  v e r y  c h a l l e n g i n g  p r o j e c t  which  w ou ld  c o n t r i b u t e  
s i g n i f i c a n t l y  t o  p r o g r e s s  i n  t h e o r e t i c a l  p h y s i c s  w ou ld  be
t h e  i t e r a t i o n  o f  de W i t t ' s  i n f i n i t e s i m a l  p r o p a g a t o r  
m e n t io n e d  i n  t h e  p r e v i o u s  s e c t i o n .  T h i s  m ig h t  i n v o l v e  a 
s e r i e s  o f  p r o j e c t s  b r o a d e n i n g  t h e  c l a s s  o f  q u a d r a t i c  s y s t e m s  
f o r  which  a  f i n i t e  s p a c e - t i m e  p r o p a g a t o r  c a n  be  o b t a i n e d .
APPENDIX A
VALIDITY OF THE PATH-INTEGRAL AS AN EXPRESSION 
FOR THE PROPAGATOR
The p a t h - i n t e g r a l  e x p r e s s i o n  f o r  K ( q " , t " ; q ' , t ' )  s t a t e d  
i n  Eq.  (2 7 )  i s  a  v a l i d  r e p r e s e n t a t i o n  o f  a p r o p a g a t o r  f o r  a 
q u a d r a t i c  s y s t e m  i f  and o n l y  i f  K ( q " , t " ; q * , t 1)> t h u s  d e f i n e ^  
s a t i s f i e s  t h e  c o n d i t i o n s  im p o sed  by E q s .  (5)  and  ( 7 ) -
I n  o r d e r  t o  show t h a t  Eq. (5)  i s  s a t i s f i e d ,  c o n s i d e r  
t h e  d e f i n i t i o n  o f  t h e  t i m e  d e r i v a t i v e
9K(q11 , t 11 ;q 1 . t 1) 
9 t " l i m  { [ K ( q n , f ’ + e j q ’ , t ' ) - K ( q " , t " ; q ' t ’ ) ] / e >e-t-0
(A l )
A c c o r d i n g  t o  Eq. ( 8 ) ,
K(q" , t "  + £ ; q 1 , t ' )  = / • ■ * /  K(q" , t " + e , q  , t "  )K(q , t "  ; q ’ , t ' ) II dq^
( A2)
S i n c e  t h e  l i m i t  e+0 i s  t o  be  t a k e n ,  t h e  f u n c t i o n
K (q ,f j f + e ^ j t " )  may be e v a l u a t e d  from Eq .  (2 3 )  a s
K(q" , t " + e ; q , t " )  = / • * * /  exp{r? J [ I  p . ( t ) q  ( t )
- 0 0  - C O  t M 1=1 J J
oo to t " + e  N
t "  j = l
N dp
-  H ( q ( t )  , p ( t )  , t ) ] d t }  H -r-J- (A3)
j  = l
where
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P j U )  = P j ,
q j ( t )  = t " + e - t q + ‘J ’
and
f '  + e
H ( q , q " , p )  = /  H ( q ( t ) , p ( t ) , t ) d t /e
t "
N N ,
= Z Z ( a , ,  , p . p ,  , + ^ b , ,  , (q!{q" + q " q ,  , + q . q . ,  )
3=1 j ' = l
(A5)
(A6)
(A7)
t "  + e N 
+ /  { Z [ p , d . ( t ) + [
t "  J = 1 3 3
[ t - t " ]e J V e q!j ]e^ ( t )  ] + f  ( t ) } d t / e .
(AB)
E q u a t i o n  (A8) f o l l o w s  f rom  Eq.  (A7) a f t e r  s u b s t i t u t i o n  o f  
Eq, (1 )  as  t h e  d e f i n i t i o n  o f  H ( q , p , t ) .  E x p a n s io n  o f  t h e  
s e c o n d  e x p o n e n t i a l  f u n c t i o n  i n  Eq. (A*l) t o  f i r s t  o r d e r  i n  
e f o l l o w e d  by I n t e g r a t i o n  o f  t h e  P j 1s y i e l d s
N a N
K(q",t"+e;q,t” ) = n 6 (qj-q., )-jjfH(q ,q" ,iB^) n MqJ-qj),
3 “ 1 J 1
(A9)
s i n c e
* |-(q,t-q)p 3 * ^(q”-q)p
/  p e d p / h  = Hftg-  /  e d p / h .  (A10)
 rtrt *  m
S u b s t i t u t i o n  o f  E q s .  ( A9) and  (A8) i n t o  Eq. (A2) y i e l d s
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K ( q " , t " + £ ; q ' #t ' )  = K ( q " , t " ; q ' , t ' )
00 00 N N
f  t  E I  
_ »  - »  j = l  J '= 1
3. £ f f r r  v  r n 9 9-ft. / • • • / { Z_ Z ^ ' 3 q j  3qJ t
+ 3b J j , < q jI q i, , + q j q j ' + q J q j t ) +  2 l f i c J j , C q j ' a q j  +
V + e  N f f t " + e - t l
+ J [ Z [ ± f i d , ( t ) ^ “  + - - - ■
t lr 1 = 1 J 9qi A e Jt ,r j = l !q J  +
t - t "
N
+ f  ( t )  ] d t / e } K ( q , t "  j q ' , t ' ) II [ 6 Cqj-q^  ) dq^ ] .
J i
( A l l )
With  Eq.  ( A l l )  i n s e r t e d  i n t o  Eq. ( A l ) ,  t h e  r e s u l t i n g  
e x p r e s s i o n  f o r  t h e  t im e  d e r i v a t i v e  o f  t h e  p r o p a g a t o r  i s
N Na K C q V t"  ; q f , t ' )  i r v! ” r_ 9 9 v
n " 4  J 1 ^ 1 Caj r ( 3 q J ) (  aqJT*
+ b J 3 ' 9 3q r  + a ifiC3 J ' ( q j ' 3 q J  + s f j  qj , ) : l
N t " + e t "  + e
+ Z [ i f i ( l i m  /  d . ( t ) d t / e ) - r —n- + ( l i m  /  e .  ( t ) d t / e ) q ' I ]
J - l  e+0 t" J 3qJ e+0 t "  J J
t "  + e
+ ( l i m  J f ( t ) d t / e ) } K ( q ,I, t , , ; q r , t ‘ ) 
e+0 t "
(A12)
(A13)
which  i s  i d e n t i c a l  t o  Eq. ( 5 ) .
The c o n t i n u i t y  c o n d i t i o n  g i v e n  by Eq.  (7 )  f o l l o w s  
q u i c k l y  f ro m  Eq. (A9) i n  t h e  l i m i t  e-K):
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N
l i m  K (q” 3t  1+ e ; q ' , t r ) = H 6 ( q ' ! - q ' ) .  (A l4 )
e-*-0 J=1 J J
T h e r e f o r e  Eq. (27 )  i s  c o r r e c t .
APPENDIX B
EVALUATION OP Fr
The d e f i n i t i o n  o f  F , Eq. ( 1 6 4 ) ,  c an  be r e w r i t t e n  I n  
t h e  fo rm  o f  a r e c u r s i o n  r e l a t i o n :
t "  - l u n ( t , - t * )
^*r^W1 * * * ‘ 3wr J^  = ^  , e J * * * , —Wr  5^1~^ * ^^ ^1
( B l )
f o r  r  > 1 ,  where
t "
F- ,(w,T) = 1 /  e “ i a ) ( t " t ' Jd t  (B 2 )
t 1
= ( e - 1 ^  -  l ) / ( - u )  (B3)
= E ( l T ) n ( - a ) ) n" 1/ n !  , (B4)
n = l
a c c o r d i n g  t o  t h e  d e f i n i t i o n .  S i n c e  Eq.  (B4) i s  p r e c i s e l y
*
t h e  r e s u l t  p r e d i c t e d  by Eq. (165)  f o r  t h e  c a s e  r  = 1, an 
I n d u c t i v e  p r o o f  o f  t h e  v a l i d i t y  o f  Eq. ( i 6 5 )  f o r  any v a l u e  
o f  r  c an  be c o m p le t e d  by u s i n g  Eq. ( B l )  t o  show t h a t  i f  
Eq. (165)  i s  c o r r e c t  f o r  r  = r* -  1 t h e n  i t  i s  c o r r e c t  f o r  
r  = r * .  T h e r e f o r e  assume t h a t
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S u b s t i t u t i o n  o f  
- i w 1 ( t 1- t ' )
y ,= 0
00 y
E C - i u ^ C t - j - t ' ) ]  1 / y 1 ! (B6)
i n t o  Eq. ( B 5 ) , r e p l a c e m e n t  o f  t h e  sum m ation  o v e r  n by a 
sum m ation  o v e r
n '  = n + yx + 1 3 (B7)
and  e x e c u t i o n  o f  t h e  i n d i c a t e d  i n t e g r a t i o n  o v e r  t  y i e l d
n , n ' - r '  n ’ - r ’ n
n '  = r 1
P  , =  E ( I T ) "  E . . .  E
  Y l=0 Yr ,=0 o - l
r*
E y . = n ' - r r
i = l  1
f [(-i)Vja., -i aO'
[l £ ( Y t + D l T . l J
£=a
(B8)
Note  t h a t  Eq. (B7) and  t h e  r e s t r i c t i o n  on t h e  sum m at ion
r '
i n d i c e s  i n  Eq. (B5) im p ly  t h a t  n 1 = E (Yj + 1 ) -  E q u a t i o n
1=1
(B8) m a tc h e s  Eq. ( 1 6 5 ) ,  c o m p l e t i n g  t h e  p r o o f  o f  i t s  
v a l i d i t y .
S i m p l i f i c a t i o n  o f  t h e  e x p r e s s i o n  f o r  Fr  g i v e n  by 
Eq.  (B8) i s  p o s s i b l e  when some w ' s  a r e  e q u a l .  As an i l l u s ­
t r a t i o n  c o n s i d e r  t h e  c a s e  uj. = w . . .  f o r  1 £ j  < r  -  1.  TheJ j+ 1  ° ~
r e d u c t i o n
m
E
m
E
1
JI
Yj=0 Yj + 1=0 I  E ( y  + 1 )  ! j
£ = j  + a  * J  + a
m
E
. * =
I  E ( y p + D 3 !  
£=,1 + 2
Y " °  [ YT+2+ E ( y „ + 1 ) ] !
EC-1)J o)j ]Y< (B9)
£=j + 2
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i s  p o s s i b l e  f o r  t h i s  c a s e  b e c a u s e  o f  t h e  i d e n t i t y
I' t - l ) Y______________ Ni _
y=0 ( N + l + y ) ( 7 ' —y ) !y ! (N + l +y ’ )!
(BIO)
APPENDIX C
EVALUATION OP A USEFUL INTEGRAL
I t  I s  d e s i r a b l e  t o  e v a l u a t e  t h e  i n t e g r a l
p P - i w . T
!  _ jj e~ |ak' |ak' k*ake 
„Nk t„Nk
x  - 7 7 —  a k * “ a k S d B a k d B a k> ( 0 1 )/TTJJT /fTJT K K k k
w h e re  b o t h  and  a£ a r e  i n t e g r a t e d  o v e r  t h e  e n t i r e  com plex  
p l a n e ,  and  where
dBa k = d ( a k )r d ( a k ) i /7r. (C2)
A f t e r  a  c h an g e  o f  v a r i a b l e s  f ro m  t h e  r e a l  and I m a g i n a r y  
p a r t s  o f  a k t o
n -ioj.  T
* ■ <«j>r - (c3>
and
-in i  T
y = ( a j ^  + 2i a ke »
Eq.  (C l )  becomes
t'TTJT K K
(C5)
.2 2 t “ itu,.T\N,noo oo _c. , mc. f J- n
x j J e~  e~^ fx+iy+aAe I ( x~ l y ) dxdy .
—oo —oo '  J / N  ^ ! ' t t
f "luik']A b i n o m i a l  e x p a n s i o n  o f  t h e  f a c t o r ,  x + Iy+ a£e
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- lu , .T ^ N ”
and  c o n v e r s i o n  t o  p o l a r  v a r i a b l e s  o f  i n t e g r a t i o n  t h r o u g h  
t h e  t r a n s f o r m a t i o n ,
x + i y  = r e ^ ® ,  (C 6)
y i e l d
X = J  e a -
k (C7)
N" , Nk+6- °  - K > » i - o ) “ kT ,  ,
x zk 5S_-----!  J f e- r V o ei(a-a)erdrd6
o=0 (N |^ -o ) !a !  0 0 tt
ffiTj- - i ( N J J - a ) u kT - |  a ' | 2 NX NJ-a+B B 
= — !£- 2--------------------- ;  e ' k ' a j *  k a£ k
<Nk - “ >! (C8)
S i m i l a r l y  t h e  t r a n s f o r m a t i o n
a^. = r , e i ® (C9)
f a c i l i t a t e s  t h e  e v a l u a t i o n  o f  t h e  r e m a i n i n g  i n t e g r a l ,  w i t h  
t h e  r e s u l t
k  - i ( N " - o ) u „ T
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